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=15 Cis
E = —grad ¢ F =qFE
B =rotA F=quvxB

E, = ab(at)b Polar vector

1
Ba L= (*F)ab(at)b — (ieabch)Cd(at)b

Axial vector



Riemannff 2=

electric part : FEue = Rapea(0;)"(0,)*

magnetic part : B, ::*Rabad(at)b(at)d
1

= §€abefRefcd(at)b(at)d ~ Lijie)

Schwarzschild :  F_

# 0, Bse =0 Polar
Kerr : Eoe #0

, B,. #0 Axial



CP = Co)lSt

%

0 Ot 20
— ) = —0, = d¢p = ——dz"
YT T T oa N=do =g pdr
tangent vector dual vector, co-vector,

docost.  L-form




0
dn = dn, N dz" = N

oxV?
9,
= 82“2(dx A dxt — dx* A dx¥)
o 877# 877?/ 1% 7’
= — ((9:1’:” — 8:1;'”>dx A dx

3 dimension

1
“dn = éek "(0;m; — Oim;) dz* ~ ot 7
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Contact manifold (¥4 % k1K)
M . (2n + 1) -dimensional manifold

Ne = m; (dz"), : 1-form on M

Contact 1-form 1, on M

4 )

nAdngA---Ndp#0
|

n -times

\_

Reeb vector &£

" =n() =1, dnual® =dn(§, )= tedn=0



Simple example
R2n+l @@%% (.fEl? yl? 1:2? yQ L ’:En? yn’ Z) > —é—-é.

ZDEZE, n=dz+ Z.ridyi 1%, contact form Th 5.

=1
dn =" dz' \dy’
nAdnANdn---Ndn
=dz ANdx' Ndy' Adz? Ady? - Adx™ A dy"™ # 0
Reeb vector
=0,
n§) =dz(0.) =1, dn(9., )=0.



Contact metric manifold

Introduce a (1,1) tensor ¢ : (vector) — (vector) satifying

[‘352()() = - X +n(X) 6,] for arbitrary X.

$*(€) = 0(6°()) = (=& +n(£)§) = ¢(=§+&) =0
= ¢*(9(€)) = —0(&) +n(6(£))§ = —¢(&) + ag
¢(§) = a&

ad(&) = ¢* (&) = =+ (&) = —E+£6=0
»(&) = 0. : projection



Contact metric manifold

Introduce a (1,1) tensor ¢ : (vector) — (vector) satifying

[‘352()() = - X +n(X) 6,] for arbitrary X.

If g and ¢ satisty

| 9(60).6()) = 90X Y) = n(X)n(Y), |for arbitrary X,V

(M, ¢,&,m, g) is called an almost contact metric manifold.

9(5(6). 9(6)) = 9(6.€) — n(Eh(€) = 0 P £
9(&,8) = , B
9(6(6), (X)) = g(&, 6(X)) — n(E)n(6(X)) = 0 X5
9(§,9(X)) =0 7

g(A(X 1), *(X1)) = g(X1, (X 1))
= g(0(X1), —X1) = —9(X1,0(X1)) =0



Contact metric manifold

Introduce a (1,1) tensor ¢ : (vector) — (vector) satifying

[‘352()() = - X +n(X) 6,] for arbitrary X.

If g and ¢ satisty

| 9(60).6()) = 90X Y) = n(X)n(Y), |for arbitrary X,V

(M, ¢,&,m, g) is called an almost contact metric manifold.

Furthermore, if it holds that

(90007 =anxX¥), | gaxeotr = ey
(gabqbbc _ (dn)ac)XaYC =0

Jar®'c = (dn)ac

(M, d,€,m,g) is called a contact metric manifold.



From

77a5a — 17 dnabga — 0:

9ap®’. = (dN)aey,  Gap®".0"y = Gea — NeNa

we have
o(§) = 0, “E" = (¢€)" =0,
9(X, (X)) =0, g X (¢ X)" = 0,
W(X) :g(Xag)a [T]a :gabgb]
9(£,€) =1, lgac®e” = 1]




Connection

Levi-Civita connection, covariant derivative V

Vagpe =0 ‘metricity,
(VoVy =V, V) f =0 ‘torsion free

(dN)apé® =0 = |£°V,E" =0 |: geodesic

0 — d"?abfa - (az% - abna)ga — (vanb - Vb%)ga'
— (va(gbcgc) - vb(gacgc))ga
1
— gbcgavaéc T _vb(gacgcga)

2
— gbcgavaéc



B R RZHRIA

ELRSHRIFODERICIIFERH DB WL 2DH 5.
Bl 21,

HZIFEEE LS5 —F—SRIFICHES
WL DHARLHONTWLS,

EfHEZRED [IEFR] THBR I EWVLSFEH
(Vxo)Y =g(X.Y) —n(Y)X

BmleInd e s, ZOZSHRBZELAKRSHRIEE WS,

D& ZE, Reeb X7 FILIEKillingRT FILIZTE S,
FEVUPTUVERHFELTRODLDLH S,

R(X,Y){ =n(Y)X —n(X)Y



3R 5t SasakiZE ]

Contact metric manifold (M, ¢, £, n, g) is a Sasakian manifold if

R(X,Y)§ =n(Y)X —n(X)Y,

3-dim. Sasaki space 1S n—Einstein

a,b _ 6 gab _I_/)/ MaTlb,

37k tSasaki ZEfl] &
PG+ & 25 [E] C Reeb vector 723 unit Killing vector



Reeb vector in 3 dim.

n A dn=# 0 :>[§or0tg7£0]

()" =0 = €V =0
gl € =1

The Reeb vector is twisted, and a geodesic tangent.
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