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Introduction

Physical significance of extended objects
= Topological defects e.g. cosmic strings etc
= Braneworld universe model

= AdS/CFT correspondence

Extended objects (cosmic strings) are
described by PDE

= Nambu-Goto equation, etc.



Cohomogeneity-one (C-1) objects

C-1 universe

universe models with homogeneous 3-space
e.g. Friedmann universe model,

Einstein equations Friedmann equation
P.D.E. = O.D.E.

ds* = —dt* + a(t)? (da* + dy* + dz*)



C-1 black hole

black holes with spherical symmetry
e.g. Schwarzschild black hole

2 2
ds® = — (1 — Tg) dt* + ar + 1r2dQ%s

5
r2 1_""_9
2

Y. : r=const surface

dss, = —agdt? + bydQs



C-1 String

2
1-parameter isometry group
of a target space acts
on the string world sheet
{
A Killing vector field is
tangent to the world sheet 5

—_

Killing vector : generator of an isometry group
(infinitesimal version of isometry)



We consider cohomogeneity-one strings
Strings with Symmetry

An isometry acts on the string world sheet.



Advantage of C-1 Objects

Tractable and physically interesting

Homogeneous | Cohomogeneity-1 | No symmetry
To solve Simples_t Simple Difficult
(algebraic) (ODE) (PDE)
Variety Poor Rich Richest
Physics Trivial Non-trivial General




Example 1.
Stationary Rotating Strings in 4D Minkowski

Target space
ds® = guvdat dz”
= —dt® 4 dp® + p*d¢” + dz°

Consider a Killing vector

§ = 0 1+ 20,

Ogawa, Ishihara,Kozaki,Nakano,Saitoh, PRD78, 023525(2008)



Strings are Rotating




Example 2:
Troidal Spirals in 5D MinkowskKi
ds® = gurdxtda”

= —dt® + dp® + p°d¢® + d¢= + (Zdy”.

875, 805, 8¢ are commutable Killing vectors
We consider C-1 strings with

T. lgata, and H. Ishihara (2010)
T. Igata, H. Ishihara and K.Nishiwaki (2012)



Analytic Solutions
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® Cohomogeneity-one strings
with timelike or spacelike symmetry
® Classification of Killing vectors
(classification of C-1 strings)
® Integrability of equations of motion



Cohomogeneity-one strings
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World Sheet

X(o,7) L




C-1 String

1-parameter isometry group
of a target space acts
on the world sheet

U

A Killing vector field is
tangent to the world sheet 5

—_

Killing vector : generator of an isometry group
(infinitesimal version of isometry)



Nambu-Goto action

S /dA:/ dl
< Z\ﬁ\ 1

— /C\/(gof)huydaz“dxy

>
h/,uy — Juv %%

We get geodesic action.



Classification of
Killing vectors
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Equivalence of Killing vectors

Equivalence class of isometry

g, ¢ € IsomM g~ ¢
& ¢ € IsomM st. ¢ = ¢pgo~!

Conjugacy class

Equivalence of Killing vector

Eme afzma/i
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lsometries in x-y Plane

GGG NS T
e N A Rt
R T T T

3 linearly independent Klling vector fields



Equivalence Class

LI ) R

CVPQU‘I‘ﬁpyNPx
Oépx"‘ﬁpy‘FLazyNLa:y

Equivalence classes {Pr, Lyy}



Classification of Killing vectors

4-dim. Euclid 4-dim. MinkowsKi
Type Canonical form  Type Canonical form
| aP,+bL,, I alP; + 0Ly,
I1 al ., + bL,, I1 a(P;+ P.) +bL,,
I11 aP, + 0L,,
P :translation IV aP. 4 b( Ky + Lay)
_ \Y aP, + bKy,
L :rotation VI WP+ b(Kty N L:{:y)
K : Lorentz boost

21

VII aKy, + bL,,

Ishihara and Kozaki PRD(2005)



Killing Vector Fields in AdS»

Type Killing vector field
I Kpp + Koy + Lyy + Ly +2(Ly. + Ky
11 Kio+ Ly + aLy.
I11 Ky + Lyy +aly,
IV Ky + Ly + aK,
\Y Kiz + Ky + Ly + Ly, + G(wa — Ly — Lzy)
VI Kip+ Koy + aL,y +b(Lg — Lay)

—~

VII Ky + Ly + Ky + Lu + 0Ly + b(Lyy — Ly)
VIII Ky + Loy + Ky + Ly + aL., + b(Ky, + K,
IX 0Ly +bLyy +cL.y (2402 +2=1)
X aKy + Ky, + L, (a? + b2+ c? =1,a # +b)

C-1 strings in AdS, are classified in 10 families.

Classification using SO(4,2) ~ SU(2,2)
T.Koike, H.Kozaki, H.Ishihara, Phys.Rev. D77 (2008) 125003



Orbit space
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Geodesics on an orbit space

S = / \/—;L&bdil?adxb , hay = (€ €) (gab — ?‘52) % t

@ Classically equivalent

1 _» dx®*dab
8_2/( h“bd)\ dx )

/(paaz — NH)d\ H

Hamilton equations

= NiH, 2"} ==  Geodesic equations
p* = N{H,p"}
H =~ 0

9 (habpapb + 1)
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Can we Integrate a C-1 string?

\ 4

Can we Integrate geodesics
In the orbit space of a Killing vector?

The system with the degree of freedom N
IS Integrable in Liouville’s sence,
If the number of constants of motion is N.



P

Py DX+ 5275300 Lie vl #72Killing vector ZEF & (X
TG DPoisSONA[ G RFENTFETD. =) B4HAIEE

SHFRED S §up 7 target space EFTNIL Gup (X
% {MKilling vector Z & 9.

;Lab = (5 ' f) (gab — ?‘52) ~
& LAIHATE gop DKilling vector (& Ay, DKilling vector 12755,

eE I ET D Jab®D isometry D HFIMEREIE ;Lab disometry.
ZTDRBOAUGRRIBADRBDRTZRARS.
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Symmetry of orbit space

4-dim. Minkowski spacetime

Type Killing vector field +# of commutable KV

I al; + 0L, 2

II  a(P,+P.)+bL,, 2

111 aP, + bL,, 2

IV aP, +b(Ky + Lyy,) 2

V alP, + 0Ky, 2

VI aP, +b(Ky + Lyy) 2
VII aKy, + 0Ly, 1 &Yy !
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5-dim. Anti-de Sitter spacetime

Type Killing vector field # of commutable KV
I Kpw + Koy + Lay + Lo + 2(Ly. + K32) 3
11 Kip + Ly + al,. 2
111 Ky + Loy + aL., 2
IV Ky + Ly, + aK,. 2
\Y% Ky + Kyy + Ly + Loy + a( Ly — Lis — Lzy) 2
VI Kio + Koy + aLoy + (Lot — Luy) 2 BRI
VII  Kip+ Ly + Koy + Lo + aLoy + b(Lay — L) 2
VIIT  Kiy+ Ly + Ky + Ly + aLuy + b(Ky + K) 2
X aLgy +bLyy + cLay (a2 + 0242 =1) 2
X aKy +bKg, +cL,, (a®> +b* + * =1,a # +b) 2
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Results

In the Minkowski spacetime, and 5-dimensional
anti-de Sitter spacetime,

All possible orbit spaces with the metric

hab — \5 ' €| (gab — gﬂgg)

are geodesically integrable thanks to a

Killing tensor

In addition to Killing vectors.
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List of Killing tensors

“ é-:L:ct_Lst_aLyz
Ky = (Lgy+Lys)*> 4 (oo + L)% Ky = —a*(x — s)*
+ a2(Liw o L92:s o L92:t o Lftzus o Lizut + Lgt)

V. 6 = Lyt + Lys - Lyz F Ly + a(L:cy + Lo F sz)
K2 - (Lmz _LmSiLyw _Lyt)2+ (ime _Lmt _Lyz+Lys)2
+4a[(Lmz o LLL‘S + Lyw _ Lyt)(Lzs + Lwt) + (j:La:'w _ Lmt _ Lyz + Lys)(th + st)]

Ko = 4a*[(z — 5)* + (w F t)?]

X: E=aly +bLys + cLy,
1
K = @+ (L3, - L - Lo+ 1) KD = (- 0?)0 + ) — 5)
2 42 2 2 2 2
Ha® = 8%) (=15, = Ly, + L2, + L3,)

30
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® Cohomogeneity-one strings
with null symmetry
» contact structure
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Spacetime metric admitting a null Killing vector
ds® = 2n;(x) dz’ dv + hyj(x) dz’ da? |

0

k= —
ov

g(k‘.} k) = 0, Lkg = ()
. null Killing vector
g(k‘: ) — g(avv ) — Uidff?i
ky = guk” =,
g(k, k) = n(k) =0, [un=0 |:null condition




Spacetime metric admitting a null Killing vector
ds? = = 2n;(x) dz’* dv %—[hw dz’ d:{,j]

0
k:(?—’ g(k‘jk)zo, Lrg =0
v
. null Killing vector

g(k, ) = g(0s, ") = Uidff?i
ky = guk” =,
gk, k) =n(k) =0, «n =0 :nullcondition
(X0, h) : 3-dimensional space

1-form 1 = n;(x)dx" is naturally induced on Xj.



null Killing vector field

e

1
Viku|F Vky + Viky = 5 (kD

2

1
0= K*(Vyuk, + Vik) = K'Y,k + SV, (k)

— 'V .k,

'V k" =0,  [udy =0
. geodesic tangent

34
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Null Killing vector £ is a null geodesic tangent.

(Lkn — () A
dn =0




Nambu-Goto action
y
S = /\/—’Y d¢td¢?, v = det ya. /_>
. .
B oxt Ox” T ->Y
- - r}/ab_g,u.vaca acb
Equation of motion
oxr* oxY Ox™
ab — aabl—\,u,y —
aca(" 7Y acb)“ 17 g e =V

: Nonlinear P.D.E.
Null coordinates on a string world sheet

ds® = 7 d¢*d¢” = 2912(¢*, ¢?) d¢H A,
Equation of motion

oz _ Ozt

=0
@CQ 6C1 ; J ) b g
36 “[3($—t)8(x+t)f(t’x)0J ¢
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Null coordinate system (' = X\, (* = o)
on the string world sheet §.

dsz = YapdCdC” = 27950 (A, 0)dAdo

0 L —
k= oy’ null Killing vector N
0
| = —, null vector .
do =5
dss = 29y, (0)dN\do = 2d\dG — 2d)\do
ne =gk ) =1, = (un=1}
AN :g(kk) :03 Yoo :ga[) :0?
oxz¥ _ OJxt —
s Vo =0 = IV, k, =0 = (udn = 0]
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dss = 2d\do




On a 4-dim. spacetime
un =1, udn=0, un=0, dn=0
Two cases
(L)dn # 0

(2)dn =0

39
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On a 4-dim. spacetime
un =1, udn=0, un=0, dn=>0

In the case

[(L)dn # 0]
uln A (dn) | = (un) A(dn) —n A lu(dn) |
= 4n (dﬁ) # 0,
nAdn#0

>0 has a contact structure.

The Reeb vector &, which satisfies
[z,&n =1, tedn =0, ] :Reeb vector

is uniquely determined on .
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g(l,1) = g(§ — ak,& — ak)

= 9(6,€) ~ 209(6,K) + 0 gDNY

=0
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On a 4-dim. spacetime with a null Killing vector
[Lm =1, udn=0, un=0, ,dn=0 ]

In the case (1)dn #0

On the 3-dim. space X, | =& — ak

[z{n =1, 1edn= 0?]
LT = Lg—ak)T] = Lel] — QULET]

udn = te_ar)dn = tedn — augdn
= Ledn

| =& — ak 1s asolution.



On a 4-dim. spacetime with a null Killing vector
[Lm =1, udn=0, un=0, ,dn=0 ]

In the case (1)dn #0

On the 3-dim. space X, | =& — ak

[z{n =1, 1edn= 0?]
LT = Lg—ak)T] = Lel] — QULET]

udn = te_ar)dn = tedn — augdn

= Ledn

An integral curve of the Reeb vector f
43 determines S completely.
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On a 4-dim. spacetime

un =1, udn=0, un=0, dn=0

In the case [(Q)dn = O]

Equation of motion dn = 0 is trivial.

If {on X, satisfies wen=1,
| =& — ak satisfies yn=1.

£ 1s not unique.

n=dw, §{= 9 + f(a7)
ow

9,
ox’

f*(2?) : arbitrary functions.
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Example: Einstein’s static universe
ds® = a*[— dt* + d6” + sin? 0 d¢® + (dyp — cosOdp)”].

null Killing vector field
9, 9,

k:8t+0w

ds® = 2a*(dy) — cos 0dg)Xy + a® (d6” + sin® d@* + (dip — cos 0dp)?)
n = a*(dy) — co\ddo)

_18 _yl—i _Q_|_£
$= 290 “2\ ot o

S is spanned by k and [,
p y 9 9

equivalently, spanned by — and —

ot o
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String in at = const. slice

Parallel transport

>

String with null symmetry in
the Einstein static universe is
twisted.
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C1 strings with null symmetry
IS closely related to the
contact structure.
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