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Galaxy M87

Introduction

* As was shown by the yesterday’s talk by Koide-san
and Noda-san, there are many energetic astrophysical
phenomena.

* Jets would be collimated by magnetic fields around
black holes.

* Energy of the jets would be carried by Alfvén waves.

Alfvén waves are transverse waves in plasma propagating
along a magnetic field.

Magnetic fields around Kerr black holes would be twisted.



Alfvén waves propagating along a homogeneous magnetic field

 Wave front is perpendicular to the magnetic field.
* Poynting vector is along the magnetic field.

We investigate Alfvén waves propagating
on a twisted magnetic fields.

According to Frobenius’ theorem, there is no
surface orthogonal to a twisted vector field.

Naive questions:
 What is a wave front?
 What direction of Poynting vector?




We investigate Alfvén waves propagating
on a Beltrami magnetic fields.

A Beltrami vector field:
rot B = \B
B -rot B=)B|*#0
Twisted vector field
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Plan of this talk

1. Alfvén waves on a homogeneous
magnetic field without twist

2. Alfvén waves on a homogeneous
Beltrami magnetic field



1. Alfvén waves on a homogeneous
magnetic field without twist




4-dimensional notations v =0.1.2.3
4-vector potential A, = (—¢, 4;), (c=1) i, =1,2,3
Field strength F,, =04, —0,A,
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Basic equations

Maxwell equations

Euler equation

Ideal MHD condition

Continuity equation

Current conservation

V= —
VuFor+ Vo Fyy + VaF,, =0

pUPY U = FY,. ) —%{

F,U" =0

Vu(pU") =0

vV, Jh =0



Background solution with untwisted magnetic field

U=Up +u, J=Jo+J

F=F9 ¢
Background
Uy =0, Jo) =0
FO = Bdrndy, FY =B*=DB=const
 Plasma is at rest,

 No electric current,
* Homogeneous magnetic field without twist

Background configurations solve the basic equations.



Perturbations

Assumptions
u' =0, v =0
J! =0, J7°=0,
Joy =0,  fie =0, . Jat
. . €= -
Nonvanishing components e, fut

HI; uy; j:' jy?
AN
ft:ﬂ: fty= fz:{:: fz'y b«y fz:t

These variables are assumed to be dependent on ¢ and z.

u-B=0, 3-B=0,
e- B=0, b-B=0,



Euler equations for perturbations
vo 0
o = g M) F7 4 T
— gUJF(
=0y powu” = Foy, 7" = Bj*

Euler eqution

. ) I
J = _éaﬂﬂy; 7Y = '(E@tu




Ideal MHD conditions
FoU"=F)u” + fuUf =0

H=1IY Fég)uy + for =0

k ?,{r:g){i'-’f'jrT +Jyue =0
Ideal MHD condition
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Faraday’s law

Bianchi identity
a,u,fv/\ + avf)\,u + 8)\f#1’ — 0

()U’: V, )") - (t?’g?m)’ (f':,ﬁ;.y)
8tf1:z + azftiﬂ =0

aﬁfyz + aﬁffy =0

Faraday’s law

[at(f b) — 536]




Ampére-Maxwell’s law

Maxwell equation

jb’ — _aﬂf}uyt
V=,V

j:r: _ _atftm o azfzrm
J = =0uf" — 0.1

Ampere-Maxwell law

[j — e — d.(e b)]




Equations for perturbations

Fuler equations: 7 = j‘;at(e - 'u,)
MHD conditions: U= —€-e

Faraday’s law: O,(e-b) = 0,e

Ampere-Maxwell’s law: 7 = —0e — 83(6 - b)

Erasing 7 and u, we have wave equations.



Ampere-Maxwell’s law Euler equation

—@te — @z(e . b) = J — —%&(E .
MHD u—%e-e —» :—E@t(f_-
—%&ge

Apply 0 )
_92e + 0.0,(c - b) = L0
Faraday’s law O;(e-b) = 0.e N\
—0%e + 0%e = i@fe
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Wave equations for Alfvén waves

— (1—2828 + 326 =0
— —a% 0°b=0
{02 ! u L €
= —¢€
B
— (1_282“ ot 8211, =0

Dispersion relation

Ly 2
—w” =k
2

a



Alfvén waves on a homogeneous
Beltrami magnetic field




Twisted fiber-bundle

Metric of R' x S? (timex 3-dim.sphere) as a spacetime

ds? = —dt? + z?[((deﬁ + sin? 0dg?) + (di) — cos Odg)?)

A twisted S! bundle on a S? base space
where | denotes the size of S3. Hopt fibration

In the region where 6 < 1.

y ) a0 | 1 . | 2
ds® = —dt* + 1*(d6” + 6°d¢”) + 17 (dw - (1- §Hz)d¢))
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2 1 120462 1 | Lo\’
ds? = —di* + I(d0? + 0%do?) + 17 (d-t,-b —(1- 592)@)

Coordinate transformation

x=10cos¢p, y=I10sing, z=I1 — )

| 2
ds® = —dt* + dz* + dy® + (dz + i(wdy — yda:))

!
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Twist of the fiber

1
n:=dz+ ﬂ(:rdy — ydx)
1

dn = ZdIAdy

1
nANdn=—-drxANdyNdz #0

l
(n - rotn # 0)
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Twisted magnetic field
Take a 4-dimensional gauge potential 1-form as

1
A = Bln = Bl (dz — ﬁ(ﬂcdy — ydﬂ‘))

where B 1s a constant.
Field strength

F'=dA = BdrxNdy. F,,= B*= B otherwize 0
"F = B*(dx ANdy) = Bdt \n
B :="F(0;) = Bn

B
dB:Bdn:Td:L‘/\dy

2

B
B/\dB:sz/\dx/\dy#O

[Magnetic field B is twisted]




Maxwell equations

B B
— Jdat =*d *F = 7*(dt/\dﬂ:/\d'y)= 7

rotB=J=%B

[B is a Beltrami magnetic ﬁeld.]




Background solution

B
Fé? =B, Ugp =0, Jo= 753

1 2
ds* = —dt* + da® + dy* + (dz + ﬁ(ﬂsdy — ydx))

Euler equation
Up, V Uu o M-J-F((])JA o UJF({]]Jz — 0
PloyVulo =9 Lexdo) =9 Lozdo) =
Ideal MHD
F Uy = Fu'Uly = 0
Maxwell equations

AF = J,da*

[B i1s a homogeneous Beltrami magnetic ﬁeld]




Perturbations

Assumptions

f:ry — U: ftz — U:

Nonvanishing components

j%m: f}y: .fzm: ‘fzy

These variables are assumed to be dependent on ¢ and z.

e — €z _ ffﬂt b -— bl‘ _ fyz
Gy jﬁt by j;x



Euler equation
pU'N (Ul +u”) = "7 (FSY) + for) (3o +37)

PV’ = g" (Foy) i+ for T3y

V=.x,Y
, 1
pou’ = B(EIKJK + i Iz)
Euler eqution
J__ﬁfa g, Ly,
J = Be J tU + ZE fJZ




: 1
Euler equations: 7 = —2¢ 9,07 {F ?e’r Tf JzJ

MHD conditions: ' = —=¢""f,;

Faraday’s law: 0, f.; = 0. fur

Ampere-Maxwell’s law: j/ = -0, — 9. ([, J =my)

Erasing 7 and u, we have wave equations.
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Wave solutions

1 . ' .
e:I: _ .f?: _ gezk-w b:l: _ ;I: _ T Bezk-w
+1 1

k.x:=kz— wt
1
(——824—32) fA_?az(e'.fA) =0

2

Dispersion relation
1 1 + W4 1
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e:I: — R 1 gei(kz—wit) _¢ COS(kZ - C’J:I:t)
=) Fsin(kz — w4t)

bt — i Beilke—wst) +sin(kz — w4t)
1 cos(kz — wt)

(e*,b™) describes a right-handed (left-handed) circularly polarized wave




Perturbation of magnetic field

For a fixed time

b* = B(+sinkz dx + coskz dy)
db* = Bk(F coskz dz A dx — sinkz dz A dy)

bt A db* = FB%k dv ANdz A dy
b is twisted.

rot bt = Fkb™
rot e* = Fke™

b and e are Beltrami fields on time slices.

[ b(t,z) and e(t, z) are rotating Beltrami fields. ]




Rotation of polarization

Superposition of right-handed and left handed modes

1(8+ 4 6_) — 15 (1) ei(kz—w.,.t) + ;g 1 ei(kz—w_t)

2 2 : _
! e 1 )
W= Wy +w_).
_ ¢ cos Awt Silke—at) %( + )
sin Awt Aw = =(wy —w_).
- 2 J
Ca
_ £ cos ﬂt pik(z—cat) 4 [k > 1 case
— £ >

sin —¢ [ 1 1
e = c.kr 1+ — ~c,k(1x

-

[Plane of polarization rotates ]




Energy and momentum

Energy momentum tensor of the Alfvén waves

y 1 y
T:,t,r.y — gajfpﬂfuﬁ - Egﬂu (gﬁjg}ﬂfa}ufﬁﬂ‘)
4-momentum Killi )
illing vector
Py =Tw& = T & = 0y = (1,0,0,0)

1
Pt=ffr+ffy+§(_ffr_f£;+ 2t zzy)
_1 2 2
=5 (45
Pz=fz,Lft:L+fzyfty

= ezby — e, = [e x b]., =EB



Angular momentum

Killing vector 5:; = 10y — Y0, = (0, —y,x,0)

Angular momentum
L, = T“ué';; = —yT), + 2T},
Lg) = —yTie + 2Tty
y? 72
=E&B (— sin?(kz — wt) + = cos?(kz — wt))

21 21
Take average on ¢t and z
2 72
< L >=¢EB (E < sin?(kz — wt) > +§ < cos?(kz — wt) })
2 g2 2
= —Sb’ (25 ﬁ) 355’

[Alfvén waves carry angular momentum!]




Summary

e Using a small domain of S73, twisted S*1 bundle on S*2
base space, we constructed a homogeneous Beltrami
magnetic field.

* On the assumption of ideal MHD approximation, we
investigated Alfven waves propagate on the Beltrami
magnetic field.



Summary

We obtain wave equation for Alfven waves in a
Beltrami magnetic field that admits left-handed and
right-handed circular polarized wave solutions.
Left-right symmetry is broken by the twisted
background magnetic field, then the dispersion
relations for these modes are different.

Cut-off frequency for one of the mode exists.
Superposing these two modes, we have wave
solutions such that plane of polarization rotates.
Wave front is not perpendicular to the magnetic field.
Alfven waves carry energy and angular momentum.
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