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パラメータを微調整しないで、これらの極端に

 異なったスケールを実現できるのか？


階層性の問題

なぜ、極端に異なったスケールが存在しているの？

関連した問題: Naturalness
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難しい話は
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これらのスケールの起源は何なの？

Electroweak scale,

Cosmological constant,

and 

Planck scale MPL?

この問題を少し違った側面から眺めてみる。
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スケール不変性に基づく標準模型

とEinsteinの重力理論の拡張

最初から次元のあるパラメータを含む理論から出発す
れば、そのパラメータの起源は説明できない。

古典的レベルで次元のある

パラメータを含んでいない理論から出発する。
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とは言っても、スケール不変性にはアノマリー

があり、hard に破れている。

その結果


1.  Running of couplings

2. Change of scaling dimension

しかし…. 3.  が今回最も重要

Callan, ’70; Symanzik,’70
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3. アノマリーは質量　(mass gap)をダイレクト

に生成できない。


質量を生成するためには、スケール不変性を

自発的に破る必要がある。

   (Massless theories exit. Loewenstein+Zimmermann,’76.

„Physics BSM may be described by a massless QFT“ , JK, 

at MPI, 2017)
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3. がNaturalness問題を和らげる🔑になっている。

The SM does  not, by itself, has a fine tuning 
problem (Bardeen,’95), if there is no large

intermediate scale between the SM and 
Planck scales.

アノマリーの、Higgsの質量への寄与は

logarithmicであり,　quadraticではない！！！
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スケール不変性に基づく標準模型

とEinsteinの重力理論を拡張する

動機
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M1. 我々の時空は4次元。


その心は:

スケール不変なゲージ理論は4次元

だけに存在する。


スケールの起源の問題は4次元特有の問題。

（C-S in d=3理論のような例外もありますが）
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M2.  標準模型には　　,

Einsteinの重力理論には     ,

それぞれ1コの有次元のパラメータ
しか含んでいない。

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

µ2

H MPl

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE '
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV

Nambu-Jona-Lasinio (NJL) model, TC = 72 MeV, β/H ' 1.8× 104

Linear sigma model (LSM), TC = 102 MeV, β/H ' 4.4× 104

Polyakov-loop enhanced Nambu-Jona-Lasinio (PNJL) model
TC = 122 MeV, β/H ' 9.4× 104
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1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
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Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

µ2

H = 0 MPl

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T
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〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV

Nambu-Jona-Lasinio (NJL) model, TC = 72 MeV, β/H ' 1.8× 104

Linear sigma model (LSM), TC = 102 MeV, β/H ' 4.4× 104

Polyakov-loop enhanced Nambu-Jona-Lasinio (PNJL) model
TC = 122 MeV, β/H ' 9.4× 104
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* Coleman+Weinberg, ’73 


    標準模型: もし、       を無視できれば


scale anomaly=>


Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

µ2
H = 0 MPl mH ∼ 5 mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE '
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV

Nambu-Jona-Lasinio (NJL) model, TC = 72 MeV, β/H ' 1.8× 104

Linear sigma model (LSM), TC = 102 MeV, β/H ' 4.4× 104

Polyakov-loop enhanced Nambu-Jona-Lasinio (PNJL) model
TC = 122 MeV, β/H ' 9.4× 104

1

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE '
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV

Nambu-Jona-Lasinio (NJL) model, TC = 72 MeV, β/H ' 1.8× 104

Linear sigma model (LSM), TC = 102 MeV, β/H ' 4.4× 104

Polyakov-loop enhanced Nambu-Jona-Lasinio (PNJL) model
TC = 122 MeV, β/H ' 9.4× 104

1

0

0

Higgs potential

残念ながら:
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*  「      を生成する。」は昔から。

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

µ2

H MPl

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE '
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV

Nambu-Jona-Lasinio (NJL) model, TC = 72 MeV, β/H ' 1.8× 104

Linear sigma model (LSM), TC = 102 MeV, β/H ' 4.4× 104

Polyakov-loop enhanced Nambu-Jona-Lasinio (PNJL) model
TC = 122 MeV, β/H ' 9.4× 104

1

*Fujii ’74 
*Minkowski, ’77 
*Englert, Gunzig,Truffin+Windey,’75 
*Chundnovsky,’78 
*Fradkin+Vilkovisky,’78 
*Zee,’79 
*Smolin,’79 
*Terazawa,’81 
*Nieh‚ ’82 
………….. 

*Akama, Chikashige+ Matsuki,’78 
*Adler,’80 
*Zee,’81
………….. 

Induced gravity

with scalars

without scalars
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M3.  QCDというお手本がある。


その心は:

ハドロンの質量（~98%）の起源はス
ケール不変性の自発的対称性の破れ

よるもの。


（ちまたでは、

dynamical chiral symmetry breaking
と呼ばれている。Nambu, ’60; with


                      Jona-Lasinio, ’61 ）
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(Holthausen+Lee+Lindner, ’12. 
See also Berzukov et al, ’12 )
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Figure 2. Higgs and top (pole) mass determinations for di↵erent boundary conditions at the Planck scale. The
coloured bands correspond to the conditions discussed in the text and which are also labelled in the insert. The
middle of each band is the best value, while the width of the band is a “RGE error band” inferred from assuming
that all omitted higher orders in the beta functions beyond two loops are limited by the di↵erence between the one
and two loop results. Note that the Veltman condition is truncated at the point where its Higgs mass prediction
violates the vacuum stability bound (both at two-loops). The gray-hatched line at the bottom is the lower direct
Higgs mass bound from LEP. Similarly the purple (brown) lines indicate the LHC Higgs searches at 95% (90%) CL
from the 2010 data. The black dashed lines show the electroweak precision fit from GFitter [21, 22] for 68%, 95%
and 99% confidence intervals (which include limits from radiative corrections and also the direct searches).

curves shink accordingly. In our plot, the aforemen-
tioned “RGE error band” is represented by the band-
width of each curve, with its center representing the
Higgs mass obtained from two-loop RGE running.
The upper edges of the bandwidths consist of the
Higgs masses obtained from one-loop RGEs.

We consider also the uncertainty on the curves
due to the error of strong coupling constant ↵s =
0.1184(7) [29] and we obtain ±1GeV uncertainty to
the Higgs mass, which is negligible when quadrati-
cally added to the bandwidth in Fig.(2). Due to the
relatively large “RGE error band”, the error prop-
agation from the strong coupling constant can be
safely ignored. The theoretical error on the Higgs
mass due to the matching uncertainty [18, 30] be-
tween top Yukawa MS coupling and top pole mass
is also considered. Comparing our vacuum stability

band obtained with Casas et al. [12, 13], a discrep-
ancy of around ±7GeV for the Higgs mass value ob-
tained via two-loop RGE is observed. This mismatch
can be explained by the omission of two-loop QCD
matching condition by the authors of Refs. [12, 13],
as they only considered one-loop QCD, electroweak
and QED contribution in the top mass matching
condition. Since we would like to consider only the
uncertainties due to the number of loops of the beta
function used but not the errors caused by omis-
sion of better matching precision, we include the
QCD matching between top Yukawa MS coupling
and top pole mass up to three-loop. The resulting
Higgs mass determined by the vacuum stability with
two-loop RGE agrees with Ellis et al. [31]. The ↵↵s

correction [32] is neglected in our analysis as it only
gives a small contribution. The Higgs pole mass is

5

M4.

Bardeen,’95:
The SM does  not, by itself, has a fine tuning problem, 

if there is no large intermediate scale between the SM and 
Planck scales.15



Copyright: ESA/Planck Collaboration

http://sci.esa.int/planck/60506-the-cosmic-microwave-background-temperature-and-polarization/

M5. 

　　　

　その心は



Inflation
Planck Collaboration: Constraints on Inflation
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK14 or BK14 plus BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized
joint 68 % and 95 % CL regions assume dns/d ln k = 0.

limits obtained from a ⇤CDM-plus-tensor fit. We refer the inter-
ested reader to PCI15 for a concise description of the inflationary
models studied here and we limit ourselves here to a summary
of the main results of this analysis.

– The inflationary predictions (Mukhanov & Chibisov 1981;
Starobinsky 1983) originally computed for the R2 model
(Starobinsky 1980) to lowest order,

ns � 1 ' �
2
N
, r '

12
N2 , (48)

are in good agreement with Planck 2018 data, confirm-
ing the previous 2013 and 2015 results. The 95 % CL al-
lowed range 49 < N⇤ < 58 is compatible with the R2 ba-
sic predictions N⇤ = 54, corresponding to Treh ⇠ 109 GeV
(Bezrukov & Gorbunov 2012). A higher reheating temper-
ature Treh ⇠ 1013 GeV, as predicted in Higgs inflation
(Bezrukov & Shaposhnikov 2008), is also compatible with
the Planck data.

– Monomial potentials (Linde 1983) V(�) = �M4
Pl (�/MPl)p

with p � 2 are strongly disfavoured with respect to the
R2 model. For these values the Bayesian evidence is worse
than in 2015 because of the smaller level of tensor modes
allowed by BK14. Models with p = 1 or p = 2/3
(Silverstein & Westphal 2008; McAllister et al. 2010, 2014)
are more compatible with the data.

– There are several mechanisms which could lower the pre-
dictions for the tensor-to-scalar ratio for a given potential
V(�) in single-field inflationary models. Important exam-
ples are a subluminal inflaton speed of sound due to a non-
standard kinetic term (Garriga & Mukhanov 1999), a non-
minimal coupling to gravity (Spokoiny 1984; Lucchin et al.

1986; Salopek et al. 1989; Fakir & Unruh 1990), or an ad-
ditional damping term for the inflaton due to dissipation in
other degrees of freedom, as in warm inflation (Berera 1995;
Bastero-Gil et al. 2016). In the following we report on the
constraints for a non-minimal coupling to gravity of the type
F(�)R with F(�) = M2

Pl + ⇠�
2. To be more specific, a quartic

potential, which would be excluded at high statistical signif-
icance for a minimally-coupled scalar inflaton as seen from
Table 5, can be reconciled with Planck and BK14 data for
⇠ > 0: we obtain a 95 % CL lower limit log10 ⇠ > �1.6 with
ln B = �1.6.

– Natural inflation (Freese et al. 1990; Adams et al. 1993) is
disfavoured by the Planck 2018 plus BK14 data with a Bayes
factor ln B = �4.2.

– Within the class of hilltop inflationary models
(Boubekeur & Lyth 2005) we find that a quartic poten-
tial provides a better fit than a quadratic one. In the quartic
case we find the 95 % CL lower limit log10(µ2/MPl) > 1.1.

– D-brane inflationary models (Kachru et al. 2003; Dvali et al.
2001; Garcı́a-Bellido et al. 2002) provide a good fit to
Planck and BK14 data for a large portion of their parame-
ter space.

– For the simple one parameter class of inflationary potentials
with exponential tails (Goncharov & Linde 1984; Stewart
1995; Dvali & Tye 1999; Burgess et al. 2002; Cicoli et al.
2009) we find ln B = �1.0.

– Planck 2018 data strongly disfavour the hybrid model driven
by logarithmic quantum corrections in spontaneously broken
supersymmetric (SUSY) theories (Dvali et al. 1994), with
ln B = �5.0.

18
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Planck2018
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scale invariant

super flat potential 

(in Einstein frame)

18

→ 〈S〉 $= 0

{

yN
2

NT
RCNR〈S〉 +

λHS

4
|H|2〈S〉2

mN = yN〈S〉 ∼ 107 GeV λHS ∼ 0

λHS & 0.07 ⇒ 〈S〉 & 500 GeV

χ

MPl

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for

{

R2 inflation, Starobinsky, ’80; Mukhanov+Chibisov,’81
Higgs inflation, Bezrukov and Shaposhnikov, ’08.

(1)

Leff = Tr ψ̄
(

i/∂ −
[

σ −
GD

8G2
σ2 + yS

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

M = σ − (GD/8G
2)σ2

Φij = ψ̄i(1− γ5)ψj

Veff(f)/〈f〉2

Leff = Tr ψ̄
(

i/∂ −
[

σ −
GD

8G2
σ2

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

〈ψ̄i(1− γ5)ψj〉BCS = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

1



M6.  その他

.  . .

Conformal gravity,  

’t Hooft, Mannheim, ..  K. Aoki…

Asymptotically safe gravity,

 Wetterich.. Yamada, Hamada……

.  . .
.  . .
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* Nonperturbative scenario

* Perturbative scenario

Two scenarios for scalegenesis

20



Nonperturbative scenario Perturbative scenario

. 

. 
*Weinberg,‘76;79 
*Susskind,’79 

.. 
*Hur,Jung,Ko,Lee,’07 
*Hur,Ko,’11 
*Heikinheimo et al,’13
*JK,Holthausen,Lim,Lindner,’13 
*JK,Lim,Lindner,’14 
*Ametani, Aoki,Goto, JK,`15 
*Hatanaka, Jung,Ko,`16 
* Haba, Ishida,Kitazawa,
+Yamaguchi,’16 
* 
*JK, Yamada,’15 
* 
* 
.............. 

*Coleman -Weinberg, ’73 
*Gildener -Weinberg, ’76 

*Hempfling,’96 
. 
. 
*Meissner,Nicolai,’07, 
*Chang,Ng,Wu,’07 
*Foot,Kobakhidze,Volkas,’07 
*Espinosa,Quiros,’07 
*Iso,Okada,Orisaka,’09 
*Holthausen,Lindner, Schmidt,’09 
*A-Nunneley,Pilaftsis,’10
.............. 
*Ishiwata,`11 
* 
* 
*Hamada, Kawai,Oda,Yagyu,’20 
…………..

21



        breaks chiral symmetry 

at the same time scale invariance
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Strong Dynamics in Yang-Mills theory
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How to deal with  this non-perturbative effect  ?

*Direct approach: Lattice gauge theory

*Effective theory approach:



At low energy:

Massless QCD
S†S

〈(S†
iSj)〉 = 〈

Nc∑

c=1
Sc†
i S

c
j〉 ∝ δij

Nc = #of the hidden colors

i, j = 1, . . . , Nf

LH = −1

2
trF 2 + iψ̄iγ

µDµψi

〈ψ̄iψj〉 = 〈
Nc∑

c=1
ψ̄c
iψ

c
i 〉 ∝ δij

LNJL = iψ̄iγ
µ∂µψi+2G Φ†Φ+. . . = iψ̄iγ

µ∂µψi+G
[
(ψ̄λaψ)2 − (ψ̄γ5λ

aψ)2
]
+. . .

LNJL = iψ̄iγ
µ∂µψi−

1

4G
(σaσa+φaφa)−ψ̄λaσaψ−iψ̄γ5π

aλaψ+. . .

σa = −2G ψ̄λaψ , πa = −i2G ψ̄γ5λ
aψ

Φij = ψ̄i(1− γ5)ψj =
1

2
λaji ψ̄λ

a(1− γ5)ψ

U(3)L × U(3)R

SU(3)V × U(1)V × Z6

SU(3)L × SU(3)R → SU(3)V

1

The NJL model

S†S

〈(S†
iSj)〉 = 〈

Nc∑

c=1
Sc†
i S

c
j〉 ∝ δij

Nc = #of the hidden colors

i, j = 1, . . . , Nf

LH = −1

2
trF 2 + iψ̄iγ

µDµψi

〈ψ̄iψj〉 = 〈
Nc∑

c=1
ψ̄c
iψ

c
j〉 ∝ δij

LNJL = iψ̄iγ
µ∂µψi+2G Φ†Φ+. . . = iψ̄iγ

µ∂µψi+G
[
(ψ̄λaψ)2 − (ψ̄γ5λ

aψ)2
]
+. . .

LNJL = iψ̄iγ
µ∂µψi−

1

4G
(σaσa+πaπa)−ψ̄λaσaψ−iψ̄γ5π

aλaψ+. . .

σa = −2G ψ̄λaψ , πa = −i2G ψ̄γ5λ
aψ

Φij = ψ̄i(1− γ5)ψj =
1

2
λaji ψ̄λ

a(1− γ5)ψ

U(3)L × U(3)R

SU(3)V × U(1)V × Z6

SU(3)L × SU(3)R → SU(3)V

1

Input : vh = 246 GeV , mh = 126 GeV , ΩDMh
2 = 0.120± 0.005

S†S

〈(S†
iSj)〉 = 〈

Nc∑

c=1
Sc†
i S

c
j〉 ∝ δij

Nc = #of the hidden colors

i, j = 1, . . . , Nf

LQCD = −1

2
trF 2 + iψ̄iγ

µDµψi

〈ψ̄iψj〉 = 〈
Nc∑

c=1
ψ̄c
iψ

c
j〉 ∝ δij

LNJL = iψ̄iγ
µ∂µψi+2G Φ†Φ+. . . = iψ̄iγ

µ∂µψi+G
[
(ψ̄λaψ)2 − (ψ̄γ5λ

aψ)2
]
+. . .

LNJL = iψ̄iγ
µ∂µψi−

1

4G
(σaσa+πaπa)−ψ̄λaσaψ−iψ̄γ5π

aλaψ+. . .

σa = −2G ψ̄λaψ , πa = −i2G ψ̄γ5λ
aψ

Φij = ψ̄i(1− γ5)ψj =
1

2
λaji ψ̄λ

a(1− γ5)ψ

U(3)L × U(3)R

SU(3)V × U(1)V × Z6

SU(3)L × SU(3)R → SU(3)V

4

 **Effective theory for chiral condensate 
(order parameter):
Nambu-Jona-Lasinio (NJL) theory

(4-fermi)

Input : vh = 246 GeV , mh = 126 GeV , ΩDMh
2 = 0.120± 0.005

S†S

〈(S†
iSj)〉 = 〈

Nc∑

c=1
Sc†
i S

c
j〉 ∝ δij

Nc = #of the hidden colors

i, j = 1, . . . , Nf

LQCD = −1

2
trF 2 + iψ̄iγ

µDµψi

〈ψ̄iψj〉 = 〈
Nc∑

c=1
ψ̄c
iψ

c
j〉 ∝ δij

LNJL = iψ̄iγ
µ∂µψi+2G Φ†Φ+. . . = iψ̄iγ

µ∂µψi+G
[
(ψ̄λaψ)2 − (ψ̄γ5λ

aψ)2
]
+. . .

LNJL = iψ̄iγ
µ∂µψi−

1

4G
(σaσa+πaπa)−ψ̄λaσaψ−iψ̄γ5π

aλaψ+. . .

σa = −2G ψ̄λaψ , πa = −i2G ψ̄γ5λ
aψ

Φij = ψ̄i(1− γ5)ψj =
1

2

N2
f−1∑

a=0
λaji ψ̄λ

a(1− γ5)ψ

U(3)L × U(3)R

SU(3)V × U(1)V × Z6

SU(3)L × SU(3)R → SU(3)V

7

+ 6-fermi
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The relevant global symmetry

(4+6 fermi)

Finally

* mu problem, Kim Nieles

*Renormalization of the energy momentum tensor

*Callen-Symanzik equation

*Interpretation of the mass scale in the Coleman-Weinberg

potential

*Mean field approximation (self consistent field) Many body par-

ticle system is approximated through ”free particles” moving in a

mean field, which is a background field, and the quantum fluctua-

tions of these free particles produce corrections to the mean field.

leadind to a selfconsistency equation (gap equation).

Hartree-Fock approximation

*Fermionic theory

*Bosonized theory

U(1)A ! Z6

m⌘̃ > m
K̃
> m⇡̃

< v� >' 10�5 GeV�2 >> 10�9 GeV�2

n2
f
� 1

1

At the classical level

At the quantum  level

Chiral  anomaly  in QCD

S†S

Nc = #of the hidden colors

i, j = 1, . . . , Nf

LH = −1

2
trF 2 + iψ̄iγ

µDµψi

〈ψ̄iψj〉 = 〈
Nc∑

a=1
ψ̄a
i ψ

a
i 〉 ∝ δij

LNJL = iψ̄iγ
µ∂µψi+2G Φ†Φ+. . . = iψ̄iγ

µ∂µψi+G
[
(ψ̄λfψ)2 − (ψ̄γ5λ

fψ)2 + . . .
]

Φij = ψ̄i(1− γ5)ψj =
1

2
λfji ψ̄λ

f(1− γ5)ψ

U(3)L × U(3)R

SU(3)V × U(1)V × Z6

1

First of all I would like to thank you for inviting me. The talk
is based on the papers here. This one will be published within
a week or so. I will talk about Nambu-Goldstone Dark Matter
in a Scale Invariant Bright Hidden sector.

The basic idea behind is very similar to that of technicolor,
because I would like to generate the SM scale through dynamical
chiral symmetry breaking in a hidden sector, as you will see. I
gave basically the same talk in Okinawa last month, so for Oda
san it may be boring. Sorry.

1

Dynamical chiral  
symmetry breaking

S†S

Nc = #of the hidden colors

i, j = 1, . . . , Nf

LH = −1

2
trF 2 + iψ̄iγ

µDµψi

〈ψ̄iψj〉 = 〈
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ψ̄a
i ψ

a
i 〉 ∝ δij

LNJL = iψ̄iγ
µ∂µψi+2G Φ†Φ+. . . = iψ̄iγ

µ∂µψi+G
[
(ψ̄λfψ)2 − (ψ̄γ5λ

fψ)2 + . . .
]

Φij = ψ̄i(1− γ5)ψj =
1

2
λfji ψ̄λ

f(1− γ5)ψ

U(3)L × U(3)R

SU(3)V × U(1)V × Z6

SU(3)L × SU(3)R → SU(3)V

1

First of all I would like to thank you for inviting me. The talk
is based on the papers here. This one will be published within
a week or so. I will talk about Nambu-Goldstone Dark Matter
in a Scale Invariant Bright Hidden sector.

The basic idea behind is very similar to that of technicolor,
because I would like to generate the SM scale through dynamical
chiral symmetry breaking in a hidden sector, as you will see. I

1

> 0

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

(Nf = 3, Nc = 3)

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2

$

m2
h0 = |〈H〉|2



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





= 〈f〉NfλHS

2λH



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





vb = 0.577

1 <∼ Γ/H4 <∼ eβ∆t with ∆t = β−1

β̃−1 = (β/H)−1 = T
d(S3/T )

dT

γ = 1

3

SU(3)L × SU(3)R × U(1)V ×




U(1)A
Z6

χ =
∂〈ūu〉1/3

∂mu

Lφ =
1

2

(
∂µφ ∂

µφ−m2φ2
)
− λ

4!
φ4

LS = ∂µS
†
a ∂

µSa − λS (S†
aSa)(S

†
bSb) (a, b = 1, . . . , Nc)

U(Nc)

LH = −1

2
trFµνF

µν + (DµS)
†
a(D

µS)a − λ̂S (S†
aSa)(S

†
bSb)

U(Nf) flavor symmetry

< S†
aSa > %= 0

λS = λ′S = 1, Nf = 2, Nc = 6

λHS = 0

Veff(f, S̄) = 2λSf(S̄
†S̄)− λSf

2 +
Nc

32π2
(2λSf)

2 ln
2λSf

ΛH

1

QCD
NJL
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 NJL in the mean field approximation

(For a review: Hatsuda+Kunihiro,  PR.’94)

1. Go from the conventional vacuum |0i to the “BCS” vacuum

|“BCS”i = |�, ⇡, K, · · ·i, where �, ⇡, K, · · · are identified with

h“BCS”| Tr  �a(1, �5, · · ·) |“BCS”i.

This is the definition as well as the self-consistency condition.

2. Express LNJL = L0 + LI, where

(a) LI is normal-ordered with respect to |“BCS”i, i.e.

h“BCS”| LI | “BCS”i = 0.

(b) L0 is at most quadratic in fermions, where the ferimon

bilinears are NOT normal-ordered.

3. Compute diagrams with external mean fields (mesons) to pre-

dict the meson properties by integrating out the fermions. But

at the lowest order of the approximation, LI does not con-

tribute.

5
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Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2
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−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(1)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE (
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV

Nambu-Jona-Lasinio (NJL) model, TC = 72 MeV, β/H ( 1.8× 104

1

Chiral condensate

Mean field Lagrangian (SU(3)_V)

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0
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L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(1)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
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V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
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SE =
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(G for 4 fermi and GD for 6 fermi)


NG bosons

Mean fields

χ

MPl

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L
√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for

{

R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.

(1)

Leff = Tr ψ̄
(

i/∂ −
[

σ −
GD

8G2
σ2 + yS

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

M = σ − (GD/8G
2)σ2

Φij = ψ̄i(1− γ5)ψj

Veff(f)/〈f〉2

Leff = Tr ψ̄
(

i/∂ −
[

σ −
GD

8G2
σ2

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

〈ψ̄i(1− γ5)ψj〉BCS = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(2)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1

27



Chiral symmetry breaking in 
the NJL theory

Integrate out        to get   the effective potential:ψ

1. Go from the conventional vacuum |0i to the “BCS” vacuum

|“BCS”i = |�, ⇡, K, · · ·i, where �, ⇡, K, · · · are identified with

h“BCS”| Tr  �a(1, �5, · · ·) |“BCS”i.

This is the definition as well as the self-consistency condition.

2. Express LNJL = L0 + LI, where

(a) LI is normal-ordered with respect to |“BCS”i, i.e.

h“BCS”| LI | “BCS”i = 0.

(b) L0 is at most quadratic in fermions, where the ferimon

bilinears are NOT normal-ordered.

3. Compute diagrams with external mean fields (mesons) to pre-

dict the meson properties by integrating out the fermions. But

at the lowest order of the approximation, LI does not con-

tribute.

⇤ = 0.93 , (2G)�1/2 = 0.361 , (�GD)
�1/5 = 0.406 , mu = 0.006 , ms = 0.163

8

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λ
aψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(1)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE (
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

〈ψ̄iψj〉 = −
1

4G
δij〈σ0〉

even for ΛH ) Λ = 0.93 GeV
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The kinetic term for sigma and pion is generated 
and their masses can be computed :

ψ̄

ψ

FIG. 1: One-loop diagrams for h → γγ

ψ

FIG. 2: One-loop diagrams for h → γγ

1

ψ̄

ψ

FIG. 1: One-loop diagrams for h → γγ

ψ

FIG. 2: One-loop diagrams for h → γγ

1

Excitations

∂Veff

∂σ̂
= 0 is a gap equation.

Veff(σ̂) = Nf



 σ̂
2

8G
−Nc I(σ̂)



 − Veff(0)

I(σ̂) =
Λ4

16π2



ln



1 +
σ̂2

Λ2



 − σ̂4

Λ4
ln



1 +
Λ2

σ̂2



 +
σ̂2

Λ2





ψ̄iψj = − 1

4G
δijσ̂ (σ̂ =

√
3/2σ0)

Λ = 1 GeV G = (0.5 GeV)−2

ψ̄i(1− γ5)ψj = − 1

4G
[δijσ̂ + λa(σ′a + iπa)]

with 〈σ′a〉 = 〈πa〉 = 0

πa πb

LH = −1

2
trF 2 + ([DµSi]

†DµSi)− λ̂S(S
†
iSi)(S

†
jSj)− λ̂′S(S

†
iSj)(S

†
jSi)

(i, j = 1, . . . , Nf)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)
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
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ψ̄i(1− γ5)ψj = − 1

4G
[δijσ̂ + λa(σ′a + iπa)]

with 〈σ′a〉 = 〈πa〉 = 0
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∂Veff
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= 0 is a gap equation.
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
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
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S†
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with

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

〈ψ̄i(1− γ5)ψj〉BSC = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λ
aψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(1)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

2. ν-option
V. Brdar, Y. Emonds, A. J. Helmboldt and M. Lindner, PRD, ‘19;
V.Brdar, A. J. Helmboldt and JK, JCAP, ‘19

3. Strongly interacting hidden sector (fermionic)
JK, K-SLim and M.Lindner, JHEP, ‘14;
M. Aoki and JK, arXiv:1910.05025

4. Strongly interacting hidden sector (bosonic)
JK and M. Yamada, JCAP, ‘16

SE =
∫ 1/T

0
dτ

∫

d3x LE (
1

T

∫

d3x LE =
S3

T

ψ̄i(1− γ5)ψj = −
1

4G

8
∑

a=0
λaji(σa + iπa)

1

DM candidate 

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L
√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for

{

R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.

(1)

Leff = Tr ψ̄(i/∂ − yS)ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

Φij = ψ̄i(1− γ5)ψj

Veff(f)/〈f〉2

〈ψ̄i(1− γ5)ψj〉BCS = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(2)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

1



in GeV

in GeV

NJLExp.

* mu problem, Kim Nieles

*Renormalization of the energy momentum tensor

*Callen-Symanzik equation

*Interpretation of the mass scale in the Coleman-Weinberg

potential

*Mean field approximation (self consistent field) Many body par-

ticle system is approximated through ”free particles” moving in a

mean field, which is a background field, and the quantum fluctua-

tions of these free particles produce corrections to the mean field.

leadind to a selfconsistency equation (gap equation).

Hartree-Fock approximation

*Fermionic theory

*Bosonized theory

*In between

*Goldberger-Treiman relation:

f⇡G⇡qq = 0.98⇥M

*Gell-Mann-Oakes-Renner relation:

f 2
⇡
m2

⇡
= �1.00⇥

1

2
(mu +md) < ūu+ d̄d >

1.65⇥ 108 MeV4

8
><

>:

1.99⇥ 108 MeV4 (⇤4)

1.62⇥ 108 MeV4 (⇤3)
(1)

T = 1TeV

1

1. Go from the conventional vacuum |0i to the “BCS” vacuum

|“BCS”i = |�, ⇡, K, · · ·i, where �, ⇡, K, · · · are identified with

h“BCS”| Tr  �a(1, �5, · · ·) |“BCS”i.

This is the definition as well as the self-consistency condition.

2. Express LNJL = L0 + LI, where

(a) LI is normal-ordered with respect to |“BCS”i, i.e.

h“BCS”| LI | “BCS”i = 0.

(b) L0 is at most quadratic in fermions, where the ferimon

bilinears are NOT normal-ordered.

3. Compute diagrams with external mean fields (mesons) to pre-

dict the meson properties by integrating out the fermions. But

at the lowest order of the approximation, LI does not con-

tribute.

⇤ = 0.93 , (2G)�1/2 = 0.361 , (�GD)
�1/5 = 0.406 , mu = 0.006 , ms = 0.163

8

m⇡0(m⇡±) 0.135(0.140) 0.136

f⇡ 0.092 0.093

mK0(mK±) 0.498(0.494) 0.499

fK 0.110 0.105

m⌘ 0.548 0.460

m⌘0 0.958 0.960

�H / g2

m2
' m2

0 + ⇤2/16⇡2

m2
' m2

0 � ⇤2/16⇡2

⇤

⇤cut M 2
H

⇥µ⌫

⇥µ

µ
= �i Oi +M 2

Hj
Xj + ⇤2

cut Y

dim.[O] = 4 , dim.[X ] = 2

9

See also:Hatsuda+Kunihiro‚ ‘94

NJL QCD with 6 fermi
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Figure 3. Schematic figure of the Columbia phase diagram in 3-flavour QCD at
µB = 0 on the plane with the light and heavy quark masses. The U(1)A symmetry
restoration is not taken into account. Near the left-bottom corner the chiral
phase transition is of first order and turns to smooth crossover as mud and/or
ms increase. The right-top corner indicates the deconfinement phase transition
in the pure gluonic dynamics.

tricritical point), so that the critical exponents take the classical (mean-field) values
[97], which is confirmed in numerical studies of the chiral model [98].

4.2. Lattice QCD simulations

Although the critical properties expected from the Ginzburg-Landau-Wilson analysis
discussed above are expected to be universal, the quantities such as the critical
temperature and the equation of state depend on the details of microscopic dynamics.
In QCD, only a reliable method known for microscopic calculation is the lattice-
QCD simulation in which the functional integration is carried out on the space-time
lattice with a lattice spacing a and the lattice volume V by the method of importance
sampling. In lattice-QCD simulations there are at least two extrapolations required
to obtain physical results; the extrapolation to the continuum limit (a ! 0) and the
extrapolation to the thermodynamic limit (V ! 1). Therefore, lattice results receive
not only statistical errors due to the importance sampling but systematic errors due
to the extrapolations also.

For nearly massless fermions in QCD, there is an extra complication to reconcile
chiral symmetry and lattice discretization; the Wilson fermion and the staggered
fermion have been the standard ways to define light quarks on the lattice, while
the domain-wall fermion and the overlap fermion recently proposed have more solid
theoretical ground although the simulation costs are higher. For various applications
of lattice-QCD simulations to the system at finite T and µB, see a recent review [39].

Here we mention only two points relevant to the discussions below: (i) The
thermal transition for physical quark masses is likely to be crossover as indicated
by a star-symbol in figure 3. This is based on the finite-size scaling analysis using
staggered fermion [38]. Confirmation of this result by other fermion formalisms is
necessary, however. (ii) The (pseudo)-critical temperature Tpc with di↵erent types of
fermions and with di↵erent lattice spacings are summarized in figure 4. In view of
these data with error bars, we adopt a conservative estimate at present; Tpc = 150–

or
de

r 
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NJL 
m=0QCD

1st order PT

cross over
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Figure 3. Schematic figure of the Columbia phase diagram in 3-flavour QCD at
µB = 0 on the plane with the light and heavy quark masses. The U(1)A symmetry
restoration is not taken into account. Near the left-bottom corner the chiral
phase transition is of first order and turns to smooth crossover as mud and/or
ms increase. The right-top corner indicates the deconfinement phase transition
in the pure gluonic dynamics.

tricritical point), so that the critical exponents take the classical (mean-field) values
[97], which is confirmed in numerical studies of the chiral model [98].

4.2. Lattice QCD simulations

Although the critical properties expected from the Ginzburg-Landau-Wilson analysis
discussed above are expected to be universal, the quantities such as the critical
temperature and the equation of state depend on the details of microscopic dynamics.
In QCD, only a reliable method known for microscopic calculation is the lattice-
QCD simulation in which the functional integration is carried out on the space-time
lattice with a lattice spacing a and the lattice volume V by the method of importance
sampling. In lattice-QCD simulations there are at least two extrapolations required
to obtain physical results; the extrapolation to the continuum limit (a ! 0) and the
extrapolation to the thermodynamic limit (V ! 1). Therefore, lattice results receive
not only statistical errors due to the importance sampling but systematic errors due
to the extrapolations also.

For nearly massless fermions in QCD, there is an extra complication to reconcile
chiral symmetry and lattice discretization; the Wilson fermion and the staggered
fermion have been the standard ways to define light quarks on the lattice, while
the domain-wall fermion and the overlap fermion recently proposed have more solid
theoretical ground although the simulation costs are higher. For various applications
of lattice-QCD simulations to the system at finite T and µB, see a recent review [39].

Here we mention only two points relevant to the discussions below: (i) The
thermal transition for physical quark masses is likely to be crossover as indicated
by a star-symbol in figure 3. This is based on the finite-size scaling analysis using
staggered fermion [38]. Confirmation of this result by other fermion formalisms is
necessary, however. (ii) The (pseudo)-critical temperature Tpc with di↵erent types of
fermions and with di↵erent lattice spacings are summarized in figure 4. In view of
these data with error bars, we adopt a conservative estimate at present; Tpc = 150–

(Fukushima, ’04)
(X-Y. Jin et al, ’17)
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Witten,’84

1st order PT can produce 

a Gravitational Wave (GW) background, 
which could be observed today.

λ[m] of GW ∼ the size of the Universe at T = TQCD ∼ 30 km

As TQCD → TCMB,λ is red shifted to
TQCD

TCMB
λ ∼ 1.3× 1013 km

vw = vs

vw = 0.577, gs = 58.75

α = 0.075, β = 3.1× 103

α = 0.27, β = 2.7× 104

α = 0.288, β = 8.2× 102, Tc = 390 GeV

α = 0.055, β = 7.2× 103, Tc = 320 GeV

y = 0.004, λS = 0.23, λH = 0.13, λHS = 0.03, ΛH = 9.02 TeV

Nf = Nc = 3

mh = 0.125 TeV, vh = 0.246 TeV,mDM = 0.310 TeV,

mS = 0.615 TeV, ΩDMh
2 = 0.12, σSI = 4.68× 10−51 cm2

2

ν ~ 10     Hz-8

JQ/2Hb ↵ �/H Tt (:2o)
62`KBQM 0.288 824 390
"QbQM 0.055 7.2⇥ 103 320
k>. 0.223 1486 51

1.5 · 108 FK iQ i?2 amM

vw = vs

y = 0.004, �S = 0.23, �H = 0.13, �HS = 0.03, ⇤H = 9.02 h2o

Nf = Nc = 3

mh = 0.125 h2o, vh = 0.246 h2o,mDM = 0.310 h2o,
mS = 0.615 h2o, ⌦DMh

2 = 0.12, �SI = 4.68⇥ 10�51 +K2

y

h�i / h ̄ i

SU(3)V ⇥ U(1)V

SU(2)V ⇥ U(1)0
V
⇥ U(1)V

U(Nf)L ⇥ U(Nf)R

R

to the Sun
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インフレーションはほぼスケール不変な重力波を生成

DECIGO 

相関解析（３年）

１台

           KAGRA

Frequency [Hz]

Virgo

Figure from Kuroyanagi

Pulsar 

timing

Witten

Gravitational Wave (GW) spectrum

f



GW spectrum for the cosmological chiral 
phase transition in the massless QCD

No first principle calculation in QCD!!!
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Witten

GW spectrum for the massless QCD

A.J. Helmboldt,, JK and  S. van der Woude, PRD, `19

Helmboldt, JK + van der Woude,’19.

See also: Tsumura, Yamada+Yamaguchi,’17;

Bai,Long+Lu,’19

36



> 0

〈S†S〉 #= 0

ν ∝ T

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2

(

m2
h0 = |〈H〉|2



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





= 〈f〉NfλHS

2λH



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





vb = 0.577

1 <∼ Γ/H4 <∼ eβ∆t with ∆t = β−1

β̃−1 = (β/H)−1 = T
d(S3/T )

dT

1

Veff(σ) = 3



 σ̂
2

8G
− 3 I(σ̂)



 + Veff(0)

I(σ̂) =
Λ4

16π2



ln



1 +
σ̂2

Λ2



 − σ̂4

Λ4
ln



1 +
Λ2

σ̂2



 +
σ̂2

Λ2





ψ̄iψj = − 1

4G
δijσ

Λ = 1 GeV G = (0.5 GeV)−2

ψ̄i(1− γ5)ψj = − 1

4G
[δijσ̂ + λa(σ′a + iπa)]

LH = −1

2
trF 2 + ([DµSi]

†DµSi)− λ̂S(S
†
iSi)(S

†
jSj)− λ̂′S(S

†
iSj)(S

†
jSi)

(i, j = 1, . . . , NF )

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

Veff(f, S̄,H)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

7

Veff(σ) = Nf



 σ̂
2

8G
−Nc I(σ̂)



 − Veff(0)

I(σ̂) =
Λ4

16π2



ln



1 +
σ̂2

Λ2



 − σ̂4

Λ4
ln



1 +
Λ2

σ̂2



 +
σ̂2

Λ2





ψ̄iψj = − 1

4G
δijσ

Λ = 1 GeV G = (0.5 GeV)−2

ψ̄i(1− γ5)ψj = − 1

4G
[δijσ̂ + λa(σ′a + iπa)]

LH = −1

2
trF 2 + ([DµSi]

†DµSi)− λ̂S(S
†
iSi)(S

†
jSj)− λ̂′S(S

†
iSj)(S

†
jSi)

(i, j = 1, . . . , Nf)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

Veff(f, S̄,H)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

7

(The color indices are suppressed.)

SU(Nc) gauge theory with U(Nf)
(Osterwalder+Seiler,’78;Fradkin+Shenker,’79;….)

**Effective theory for
(approximate order parameter)

JK and Yamada,’15

with S in the fundamental representation of SU(Nc)
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U(N  ) flavor symmetry and 
(anomalous) scale invariance, 
which is dynamically broken 
by 

The  global symmetry

U(N   ) flavor symmetry and 
scale invariance

f

At the classical level:

At the quantum  level:

The guiding principle: 

f

〈S†
iSj〉 #= 0 with 〈Si〉 = 0 .

mDM [TeV] σSI [cm
2]

SU(3)L × SU(3)R × U(1)V ×




U(1)A
Z6

χ =
∂〈ūu〉1/3

∂mu

Lφ =
1

2

(
∂µφ ∂

µφ−m2φ2
)
− λ

4!
φ4

LS = ∂µS
†
a ∂

µSa − λS (S†
aSa)(S

†
bSb) (a, b = 1, . . . , Nc)

U(Nc)

LH = −1

2
trFµνF

µν + (DµS)
†
a(D

µS)a − λ̂S (S†
aSa)(S

†
bSb)

U(Nf) flavor symmetry

< S†
aSa > #= 0

λS = λ′S = 1, Nf = 2, Nc = 6

λHS = 0

1
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Veff(σ) = 3



 σ̂
2

8G
− 3 I(σ̂)



 + Veff(0)

I(σ̂) =
Λ4

16π2



ln



1 +
σ̂2

Λ2



 − σ̂4

Λ4
ln



1 +
Λ2

σ̂2



 +
σ̂2

Λ2





ψ̄iψj = − 1

4G
δijσ

Λ = 1 GeV G = (0.5 GeV)−2

ψ̄i(1− γ5)ψj = − 1

4G
[δijσ̂ + λa(σ′a + iπa)]

LH = −1

2
trF 2 + ([DµSi]

†DµSi)− λ̂S(S
†
iSi)(S

†
jSj)− λ̂′S(S

†
iSj)(S

†
jSi)

(i, j = 1, . . . , NF )

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

Veff(f, S̄,H)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

7

Veff(σ) = 3



 σ̂
2

8G
− 3 I(σ̂)



 + Veff(0)

I(σ̂) =
Λ4

16π2



ln



1 +
σ̂2

Λ2



 − σ̂4

Λ4
ln



1 +
Λ2

σ̂2



 +
σ̂2

Λ2





ψ̄iψj = − 1

4G
δijσ

Λ = 1 GeV G = (0.5 GeV)−2

ψ̄i(1− γ5)ψj = − 1

4G
[δijσ̂ + λa(σ′a + iπa)]

LH = −1

2
trF 2 + ([DµSi]

†DµSi)− λ̂S(S
†
iSi)(S

†
jSj)− λ̂′S(S

†
iSj)(S

†
jSi)

(i, j = 1, . . . , NF )

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

Veff(f, S̄,H)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

7

UNIQUE !

It remains to show:  
Scale invariance is dynamically broken.  

at low energy
U(Nf)+classi. Scale Invariance

Earlier discussions in 70s and later 
in a different context:

Coleman, Jackiw+Schnitzer,’74; Kobayashi+Kugo, ’75; 
Bardeen+Moshe, ’83;……….39



U(Nf) flavor symmetry

λS = λ′S = 1, Nf = 2, Nc = 6

λHS = 0

NJL Our approach

1. Integrating out the gauge fields.

2. Global symmetries

SU(3)L×SU(3)R×U(1)V×U(1)A U(Nf)×Scale invariance

Anomalous

3. Mean fields and excitations

ψ̄i(1−γ5)ψj ∝ δijσ+itaji π
a S†

iSj ∝ δijf + itaji φ
a

Condensate

4. Effective potential from

integrating out ψ integrating out δS around S̄

〈h〉 〈f〉

1

40



S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

Veff(f, S̄,H)

〈S†
iSj〉 = δij〈f〉

Veff(f, S̄) = M 2(S̄†S̄)−Nf(NfλS+λ
′
S)f

2+
NcNf

32π2
M 4 ln(M 2/Λ2

H)

M 2 = 2(NfλS + λ′S)f

〈S†
iSj〉 = δij〈f〉

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

+λHS(S
†
iSi)H

†H − λH(H
†H)2 + L′

SM (3)

Veff(f, S̄,H)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

( 〈σ〉 = 〈φa〉 = 0 )

9
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Spontaneous scale symmetry breakingS†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

Veff(f, S̄,H)

〈S†
iSj〉 = δij〈f〉

Veff(f, S̄) = M 2(S̄†S̄)−Nf(NfλS+λ
′
S)f

2+
NcNf

32π2
M 4 ln(M 2/Λ2

H)

M 2 = 2(NfλS + λ′S)f

〈S†
iSj〉 = δij〈f〉

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

Leff = ([∂µSi]
†∂µSi)− λS(S

†
iSi)(S

†
jSj)− λ′S(S

†
iSj)(S

†
jSi)

+λHS(S
†
iSi)H

†H − λH(H
†H)2 + L′

SM (2)

Veff(f, S̄,H)

S†
iSj = δijf + δijZ

1/2
σ σ + Z1/2

φ taji φ
a

( 〈σ〉 = 〈φa〉 = 0 )

9

where S̄ is the background, around which it has been integrated.
We have used the dimensional regularization to respect scale
invariance and ΛB = e3/4µ, where the divergence is absorbed
into λ.

NcλS
8π2

ln



2λS〈f〉
Λ2



 = 1− NcλS
16π2

〈f〉 $= 0, 〈S〉 = 0

〈Veff〉 = −NcNf

16π2
(NfλS + λ′S)

2〈f〉2 < 0 (1)

〈Veff〉 = −NcNf

16π2
G2

16λ2H
〈f〉2 < 0

λS = 0.13, λ′S = 2.2, Nc = 6, Nf = 2

mπ/
√
〈f〉 = 2.96, mσ/

√
〈f〉 = 4.08

at the minimum. Since f has the canonical dimension two,
we expand it as

f = f0 + Z(f0)σ
′ , (2)

NJL Our approach

1. Integrating out the gauge fields.

2. Global symmetries

SU(3)L×SU(3)R×U(1)V×U(1)A U(Nf)×Scale invariance

2

> 0

〈S†S〉 #= 0

(but 〈Si〉 = 0)

ν ∝ T

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2

(

m2
h0 = |〈H〉|2



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





= 〈f〉NfλHS

2λH



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





vb = 0.577

1 <∼ Γ/H4 <∼ eβ∆t with ∆t = β−1

1

in an effective theory using the mean field 
approximation.
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)/
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〈ψ̄
i(
1
−
γ 5
)ψ
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〉 B

S
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=
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1 4G

[δ
ij
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+
λ
a
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]
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〈π
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+
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FIG. 2. Left: The scale phase transition for case (i), in which the hidden sector is disconnected from

the SM. The (dimensionless) critical temperature is TS/ΛH ! 7.0. Right: The (dimensionless) potential

Veff/Λ4
H against f1/2/ΛH for T/ΛH = 7.1 (red dashed), TS/ΛH (black), 6.9 (green dash-dotted). The

potential energy density at the origin is subtracted from Veff so that the form of the potential for different

temperatures can be compared.

Finally, the ring contribution from the gauge bosons is [63]

VRING= − T

12π
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1

2
√
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ag + cg − [(ag − cg)
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4
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8
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)
, (36)

where

ag =
1

4
g2h2 +

11

6
g2T 2, bg = −1

4
gg′h2 , cg =

1

4
g′2h2 +

11

6
g′2T 2. (37)

The critical temperatures of the scale phase and EW phase transitions (which we denote by

TS and TEW, respectively) can be different. If TS and TEW are distant from each other, two

phase transitions cannot influence each other much. In the case that they are close or equal,

i.e. TC ≡ TS = TEW, two phase transitions can influence each other. In fact, depending on

the choice of the parameter values, these different cases can be realized in our model. Below

we consider some representative examples.

(i) Scale phase transition with Nf = 1, Nc = 6

First we consider the case with λHS = 0, i.e., no connection between the hidden sector and

the SM sector. We choose:

Nf = 1, Nc = 6, λS + λ′
S = 2.083, (38)

Scale Phase Transition

 is 1st order.

T

At finite temperature

JK and Yamada,’15 

T > Tc

T <  Tc
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S†
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( 〈σ〉 = 〈φa〉 = 0 )
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Applications to

extending the SM and Einstein GR


based on scale invariance




Realistic models (Fermionic and Bosonic <>) 

The lightest bound states in the hidden 
sector are dark matter!!


F

B

QCD-like hidden sector
(S†S)(H†H) s2(H†H) s ψ̄ψ

〈ψ̄ψ〉 #= 0 〈S†S〉 #= 0

SM with µ = 0

S3(T ) = 4π
∫
dr



Z
−1
σ (σ, T )

2

(
∂σ

∂r

)2

+ VEFF(σ, T )





Z−1
σ (σ, T ) =

NcNf

2π2
[1− GD

4G2
σ exp(−T 2/T 2

0 )]
2

×
{

− Λ2
H

4(Λ2
H +M2)

+
1

4
ln(1 + Λ2

H/M
2) +

Λ4
H

8(Λ2
H +M2)2

− Λ4
H(Λ

2
H + 3M2)

6(Λ2
H +M2)3

+
∫ ∞

0
dxx2

[

−1 + eω/T (1 + ω/T )

(1 + eω/T )2(ω/T )3
− (M/T )2

3 + eω/T (6 + 3ω/T − (ω/T )2)

4(1 + eω/T )3(ω/T )5

+(M/T )4
15 + eω/T (45 + 15ω/T − 6(ω/T )2 + (ω/T )3) + e2ω/T (45 + 30ω/T − 4(ω/T )2)

6(1 + eω/T )4(ω/T )7

+(M/T )4
e3ω/T (15 + 15ω/T + 6(ω/T )2) + (ω/T )3)

6(1 + eω/T )4(ω/T )7

}

ω/T = [x2 + (M/T )2]1/2, M = σ +
GD

8G2
σ2 exp(−T 2/T 2

0 )

d2σ

dr2
+

2

r

dσ

dr
+

1

2

∂ lnZσ(S, σ, T )

∂σ

(
dσ

dr

)2

= Zσ(S, σ, T )
∂VEFF(S, σ, T )

∂σ

d2S

dr2
+

2

r

dS

dr
− 1

2

∂Z−1
σ (S, σ, T )

∂S

(
dσ

dr

)2

=
∂VEFF(S, σ, T )

∂S

with the boundary conditions

dσ

dr

∣∣∣∣∣
r=0

= 0,
dS

dr

∣∣∣∣∣
r=0

= 0, lim
r→∞

σ(r) = 0, lim
r→∞

S(r) = 0

1

(S†S)(H†H) s2(H†H) s ψ̄ψ

〈ψ̄ψ〉 #= 0 〈S†S〉 #= 0

SM with µ = 0

S3(T ) = 4π
∫
dr



Z
−1
σ (σ, T )

2

(
∂σ

∂r

)2

+ VEFF(σ, T )





Z−1
σ (σ, T ) =

NcNf

2π2
[1− GD

4G2
σ exp(−T 2/T 2

0 )]
2

×
{

− Λ2
H

4(Λ2
H +M2)

+
1

4
ln(1 + Λ2

H/M
2) +

Λ4
H

8(Λ2
H +M2)2

− Λ4
H(Λ

2
H + 3M2)

6(Λ2
H +M2)3

+
∫ ∞

0
dxx2

[

−1 + eω/T (1 + ω/T )

(1 + eω/T )2(ω/T )3
− (M/T )2

3 + eω/T (6 + 3ω/T − (ω/T )2)

4(1 + eω/T )3(ω/T )5

+(M/T )4
15 + eω/T (45 + 15ω/T − 6(ω/T )2 + (ω/T )3) + e2ω/T (45 + 30ω/T − 4(ω/T )2)

6(1 + eω/T )4(ω/T )7

+(M/T )4
e3ω/T (15 + 15ω/T + 6(ω/T )2) + (ω/T )3)

6(1 + eω/T )4(ω/T )7

}

ω/T = [x2 + (M/T )2]1/2, M = σ +
GD

8G2
σ2 exp(−T 2/T 2

0 )

d2σ

dr2
+

2

r

dσ

dr
+

1

2

∂ lnZσ(S, σ, T )

∂σ

(
dσ

dr

)2

= Zσ(S, σ, T )
∂VEFF(S, σ, T )

∂σ

d2S

dr2
+

2

r

dS

dr
− 1

2

∂Z−1
σ (S, σ, T )

∂S

(
dσ

dr

)2

=
∂VEFF(S, σ, T )

∂S

with the boundary conditions

dσ

dr

∣∣∣∣∣
r=0

= 0,
dS

dr

∣∣∣∣∣
r=0

= 0, lim
r→∞

σ(r) = 0, lim
r→∞

S(r) = 0

1

(S†S)(H†H) s2(H†H) s ψ̄ψ

〈ψ̄ψ〉 #= 0 〈S†S〉 #= 0

SM with µ = 0

S3(T ) = 4π
∫
dr



Z
−1
σ (σ, T )

2

(
∂σ

∂r

)2

+ VEFF(σ, T )





Z−1
σ (σ, T ) =

NcNf

2π2
[1− GD

4G2
σ exp(−T 2/T 2

0 )]
2

×
{

− Λ2
H

4(Λ2
H +M2)

+
1

4
ln(1 + Λ2

H/M
2) +

Λ4
H

8(Λ2
H +M2)2

− Λ4
H(Λ

2
H + 3M2)

6(Λ2
H +M2)3

+
∫ ∞

0
dxx2

[

−1 + eω/T (1 + ω/T )

(1 + eω/T )2(ω/T )3
− (M/T )2

3 + eω/T (6 + 3ω/T − (ω/T )2)

4(1 + eω/T )3(ω/T )5

+(M/T )4
15 + eω/T (45 + 15ω/T − 6(ω/T )2 + (ω/T )3) + e2ω/T (45 + 30ω/T − 4(ω/T )2)

6(1 + eω/T )4(ω/T )7

+(M/T )4
e3ω/T (15 + 15ω/T + 6(ω/T )2) + (ω/T )3)

6(1 + eω/T )4(ω/T )7

}

ω/T = [x2 + (M/T )2]1/2, M = σ +
GD

8G2
σ2 exp(−T 2/T 2

0 )

d2σ

dr2
+

2

r

dσ

dr
+

1

2

∂ lnZσ(S, σ, T )

∂σ

(
dσ

dr

)2

= Zσ(S, σ, T )
∂VEFF(S, σ, T )

∂σ

d2S

dr2
+

2

r

dS

dr
− 1

2

∂Z−1
σ (S, σ, T )

∂S

(
dσ

dr

)2

=
∂VEFF(S, σ, T )

∂S

with the boundary conditions

dσ

dr

∣∣∣∣∣
r=0

= 0,
dS

dr

∣∣∣∣∣
r=0

= 0, lim
r→∞

σ(r) = 0, lim
r→∞

S(r) = 0

1

(S†S)(H†H) s2(H†H) s ψ̄ψ

〈ψ̄ψ〉 #= 0 〈S†S〉 #= 0

SM with µ = 0

S3(T ) = 4π
∫
dr



Z
−1
σ (σ, T )

2

(
∂σ

∂r

)2

+ VEFF(σ, T )





Z−1
σ (σ, T ) =

NcNf

2π2
[1− GD

4G2
σ exp(−T 2/T 2

0 )]
2

×
{

− Λ2
H

4(Λ2
H +M2)

+
1

4
ln(1 + Λ2

H/M
2) +

Λ4
H

8(Λ2
H +M2)2

− Λ4
H(Λ

2
H + 3M2)

6(Λ2
H +M2)3

+
∫ ∞

0
dxx2

[

−1 + eω/T (1 + ω/T )

(1 + eω/T )2(ω/T )3
− (M/T )2

3 + eω/T (6 + 3ω/T − (ω/T )2)

4(1 + eω/T )3(ω/T )5

+(M/T )4
15 + eω/T (45 + 15ω/T − 6(ω/T )2 + (ω/T )3) + e2ω/T (45 + 30ω/T − 4(ω/T )2)

6(1 + eω/T )4(ω/T )7

+(M/T )4
e3ω/T (15 + 15ω/T + 6(ω/T )2) + (ω/T )3)

6(1 + eω/T )4(ω/T )7

}

ω/T = [x2 + (M/T )2]1/2, M = σ +
GD

8G2
σ2 exp(−T 2/T 2

0 )

d2σ

dr2
+

2

r

dσ

dr
+

1

2

∂ lnZσ(S, σ, T )

∂σ

(
dσ

dr

)2

= Zσ(S, σ, T )
∂VEFF(S, σ, T )

∂σ

d2S

dr2
+

2

r

dS

dr
− 1

2

∂Z−1
σ (S, σ, T )

∂S

(
dσ

dr

)2

=
∂VEFF(S, σ, T )

∂S

with the boundary conditions

dσ

dr

∣∣∣∣∣
r=0

= 0,
dS

dr

∣∣∣∣∣
r=0

= 0, lim
r→∞

σ(r) = 0, lim
r→∞

S(r) = 0

1

(S†S)(H†H) s2(H†H) s ψ̄ψ

〈ψ̄ψ〉 #= 0 〈S†S〉 #= 0

SM with µ = 0

S3(T ) = 4π
∫
dr



Z
−1
σ (σ, T )

2

(
∂σ

∂r

)2

+ VEFF(σ, T )





Z−1
σ (σ, T ) =

NcNf

2π2
[1− GD

4G2
σ exp(−T 2/T 2

0 )]
2

×
{

− Λ2
H

4(Λ2
H +M2)

+
1

4
ln(1 + Λ2

H/M
2) +

Λ4
H

8(Λ2
H +M2)2

− Λ4
H(Λ

2
H + 3M2)

6(Λ2
H +M2)3

+
∫ ∞

0
dxx2

[

−1 + eω/T (1 + ω/T )

(1 + eω/T )2(ω/T )3
− (M/T )2

3 + eω/T (6 + 3ω/T − (ω/T )2)

4(1 + eω/T )3(ω/T )5

+(M/T )4
15 + eω/T (45 + 15ω/T − 6(ω/T )2 + (ω/T )3) + e2ω/T (45 + 30ω/T − 4(ω/T )2)

6(1 + eω/T )4(ω/T )7

+(M/T )4
e3ω/T (15 + 15ω/T + 6(ω/T )2) + (ω/T )3)

6(1 + eω/T )4(ω/T )7

}

ω/T = [x2 + (M/T )2]1/2, M = σ +
GD

8G2
σ2 exp(−T 2/T 2

0 )

d2σ

dr2
+

2

r

dσ

dr
+

1

2

∂ lnZσ(S, σ, T )

∂σ

(
dσ

dr

)2

= Zσ(S, σ, T )
∂VEFF(S, σ, T )

∂σ

d2S

dr2
+

2

r

dS

dr
− 1

2

∂Z−1
σ (S, σ, T )

∂S

(
dσ

dr

)2

=
∂VEFF(S, σ, T )

∂S

with the boundary conditions

dσ

dr

∣∣∣∣∣
r=0

= 0,
dS

dr

∣∣∣∣∣
r=0

= 0, lim
r→∞

σ(r) = 0, lim
r→∞

S(r) = 0

1

(S†S)(H†H) s2(H†H) s ψ̄ψ

〈ψ̄ψ〉 #= 0 〈S†S〉 #= 0

SM with µ = 0

S3(T ) = 4π
∫
dr



Z
−1
σ (σ, T )

2

(
∂σ

∂r

)2

+ VEFF(σ, T )





Z−1
σ (σ, T ) =

NcNf

2π2
[1− GD

4G2
σ exp(−T 2/T 2

0 )]
2

×
{

− Λ2
H

4(Λ2
H +M2)

+
1

4
ln(1 + Λ2

H/M
2) +

Λ4
H

8(Λ2
H +M2)2

− Λ4
H(Λ

2
H + 3M2)

6(Λ2
H +M2)3

+
∫ ∞

0
dxx2

[

−1 + eω/T (1 + ω/T )

(1 + eω/T )2(ω/T )3
− (M/T )2

3 + eω/T (6 + 3ω/T − (ω/T )2)

4(1 + eω/T )3(ω/T )5

+(M/T )4
15 + eω/T (45 + 15ω/T − 6(ω/T )2 + (ω/T )3) + e2ω/T (45 + 30ω/T − 4(ω/T )2)

6(1 + eω/T )4(ω/T )7

+(M/T )4
e3ω/T (15 + 15ω/T + 6(ω/T )2) + (ω/T )3)

6(1 + eω/T )4(ω/T )7

}

ω/T = [x2 + (M/T )2]1/2, M = σ +
GD

8G2
σ2 exp(−T 2/T 2

0 )

d2σ

dr2
+

2

r

dσ

dr
+

1

2

∂ lnZσ(S, σ, T )

∂σ

(
dσ

dr

)2

= Zσ(S, σ, T )
∂VEFF(S, σ, T )

∂σ

d2S

dr2
+

2

r

dS

dr
− 1

2

∂Z−1
σ (S, σ, T )

∂S

(
dσ

dr

)2

=
∂VEFF(S, σ, T )

∂S

with the boundary conditions

dσ

dr

∣∣∣∣∣
r=0

= 0,
dS

dr

∣∣∣∣∣
r=0

= 0, lim
r→∞

σ(r) = 0, lim
r→∞

S(r) = 0

1

JK,Lim+Lindner,’14;

JK + Yamada,’15,’16,;

JK, Soesanto+Yamada,’17.

Hur+Ko, ’11;
Heikinheimo et al,’13;

Holthausen,JK,Lim+Lindner,’13;

JK,Lim+Lindner,’14;

Ametani, M.Aoki,Goto+JK,’15;

M.Aoki,Goto+JK,`17

44



Model F

uses 


the chiral condensate

> 0

〈S†S〉 #= 0

〈ψ̄ψ〉 #= 0

(but 〈Si〉 = 0)

ν ∝ T
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φ

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2
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2
trF 2 + ψ̄i (iγ

µDµ − yS)ψi
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4
λSS

4 +
1

2
λHSS

2(H†H)− λH(H
†H)2 + L′

SM

> 0

〈S†S〉 %= 0

〈ψ̄ψ〉 %= 0

(but 〈Si〉 = 0)

ν ∝ T

σ

φ

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2

1

(SM with no mass term)

* mu problem, Kim Nieles

*Renormalization of the energy momentum tensor

*Callen-Symanzik equation

*Interpretation of the mass scale in the Coleman-Weinberg

potential

*Mean field approximation (self consistent field) Many body par-

ticle system is approximated through ”free particles” moving in a

mean field, which is a background field, and the quantum fluctua-

tions of these free particles produce corrections to the mean field.

leadind to a selfconsistency equation (gap equation).

Hartree-Fock approximation

*Fermionic theory

*Bosonized theory

U(1)A ! Z6

 ̄ H
†
H

m⌘̃ > m
K̃
> m⇡̃

< v� >' 10�5 GeV�2
>> 10�9 GeV�2

n
2
f
� 1
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mean field, which is a background field, and the quantum fluctua-

tions of these free particles produce corrections to the mean field.

leadind to a selfconsistency equation (gap equation).

Hartree-Fock approximation

*Fermionic theory

*Bosonized theory

U(1)A ! Z6

 ̄ H
†
H

m⌘̃ > m
K̃
> m⇡̃

< v� >' 10�5 GeV�2
>> 10�9 GeV�2

n
2
f
� 1

1

SM
H

S

Higgs portal

Real singlet

 (Hur+Ko, PRL 106 (2011) 141802;
Heikinheimo et al,Mod.Phys.Lett.A29 (2014)1450077; 
Holthusen+JK+Lim+Lindner, JHEP1312 (2013)076…)

> 0

〈S†S〉 #= 0

〈ψ̄ψ〉 #= 0

(but 〈Si〉 = 0)

ν ∝ T

σ

φ

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2

(

m2
h0 = |〈H〉|2



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





= 〈f〉NfλHS

2λH



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





1

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

χ

MPl

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for

{

R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.

(1)

Leff = Tr ψ̄(i/∂ − yS)ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

Φij = ψ̄i(1− γ5)ψj

Veff(f)/〈f〉2

〈ψ̄i(1− γ5)ψj〉BCS = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(2)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1

→ 〈S〉 $= 0

{

yN
2

NT
RCNR〈S〉 +

λHS

4
|H|2〈S〉2

mN = yN〈S〉 ∼ 107 GeV λHS ∼ 0

λHS & 0.07 ⇒ 〈S〉 & 500 GeV

χ

MPl

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for

{

R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.

(1)

Leff = Tr ψ̄
(

i/∂ −
[

σ −
GD

8G2
σ2 + yS

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

M = σ − (GD/8G
2)σ2

Φij = ψ̄i(1− γ5)ψj

Veff(f)/〈f〉2

Leff = Tr ψ̄
(

i/∂ −
[

σ −
GD

8G2
σ2

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

〈ψ̄i(1− γ5)ψj〉BCS = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

1
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5

see that the potential VNJL(S,σ) is asymmetric in σ owing to the last term in the NJL Lagrangian
(5) and also from the constituent mass M (9), which is the reason that the chiral PT at finite
temperature can become of first order. It is noted that the mean fields σ and φa are non-propagating
classical fields at the tree level. Therefore, their kinetic terms are generated by integrating out the
hidden fermions at the one-loop level, which will be seen in Section II B where two point functions
are calculated.

The NJL parameters for the hidden QCD sector are obtained by scaling-up the values of G,GD

and the cutoff Λ from QCD hadron physics. Following refs. [17, 21, 22] we assume that the
dimensionless combinations

G1/2ΛH = 1.82 , (−GD)
1/5ΛH = 2.29 , (12)

which are satisfied for the real-world hadrons, remain unchanged for a higher scale of ΛH . Therefore,
the free parameters of the (effective) model are: λH ,λS ,λHS and ΛH . Once these parameters are
fixed, the VEVs of σ , S and h can be obtained through the minimization of the scalar potential
VSM+S+VNJL where we choose these parameters so as to satisfy mh = 125 GeV and 〈h〉 = 246 GeV.

B. Mass spectrum

Once the VEVs of σ, S and h are obtained, the scalar mass spectrum can be calculated from
the corresponding two point functions at one-loop in which the hidden fermions are circulating.
The CP even scalars h, S and σ mix with each other. The two point functions at the one-loop level
ΓAB(A,B = h, S,σ) in the SU(3)V flavor symmetry limit are given by

Γhh(p
2) = p2 − 3λH 〈h〉2 + 1

2
λHS 〈S〉2 , ΓhS = λHS 〈h〉 〈S〉 , Γhσ = 0 ,

ΓSS(p
2) = p2 − 3λS 〈S〉2 + 1

2
λHS 〈h〉2 − y23ncIϕ2(p2,M ;ΛH) , (13)

ΓSσ(p
2) = −y

(
1− GD 〈σ〉

4G2

)
3ncIϕ2(p2,M ;ΛH) , (14)

Γσσ(p
2) = − 3

4G
+

3GD 〈σ〉
8G3

−
(
1− GD 〈σ〉

4G2

)2

3ncIϕ2(p2,M ;ΛH) +
GD

G2
3ncIV (M ;ΛH) .

Here the loop functions are defined as

Iϕ2(p2,M ;Λ) =

∫

Λ

d4k

i(2π)4
Tr(/k + /p+M)(/k +M)

((k + p)2 −M2)(k2 −M2)
, (15)

IV (M ;Λ) =

∫

Λ

d4k

i(2π)4
M

(k2 −M2)
= − 1

16π2
M

[
Λ2 −M2 ln

(
1 +

Λ2

M2

)]
. (16)

The flavor eigenstates (h, S,σ) and the mass eigenstates hi (i = 1, 2, 3) are related by




h
S
σ



 =




ξ(1)h ξ(2)h ξ(3)h

ξ(1)S ξ(2)S ξ(3)S

ξ(1)σ ξ(2)σ ξ(3)σ








h1
h2
h3



 . (17)

The squared masses m2
hi

are determined by the zeros of the two point functions at the one-loop

level, i.e. ΓAB(m2
hi
)ξ(i)B = 0.

JQ/2Hb J2+?�MBbK ↵ �/H Tn (h2o) f (>x) :q bQm`+2 mDM (h2o)
R *QH2K�M@q2BM#2`; 0.11 0.67⇥ 103 0.052(⇠ TC) 0.0084 bQmM/ r�p2b Ĝ Ĝ
k :BH/M2`@q2BM#2`; 1.6⇥ 1013 8.0 2.4(⌧ TC) 1.5 *QHHBbBQMb Ĝ Ĝ
j h ̄ i 6= 0 0.024 3.7⇥ 103 0.35(⇠ TC) 0.36 aQmM/ r�p2b yXkj
9 hS†Si 6= 0 0.013 2.6⇥ 104 0.36(⇠ TC) 2.7 aQmM/ r�p2b 1.0

RX k>. UMQi b+�H2 BMp�`B�MiV
JX E�FBx�FB- aX E�M2Km`� �M/ hX J�ibmB- S_.-ǵR8c
*X *�T`BMB 2i �H- C*�S- ǵRe

kX ⌫@QTiBQM
oX "`/�`- uX 1KQM/b- �X CX >2HK#QH/i �M/ JX GBM/M2`- S_.- ǵRNc
oX"`/�`- �X CX >2HK#QH/i �M/ CE- C*�S- ǵRN

jX ai`QM;Hv BMi2`�+iBM; ?B//2M b2+iQ` U72`KBQMB+V
CE- E@aGBK �M/ JXGBM/M2`- C>1S- ǵR9c
JX �QFB �M/ CE- �`sBp,RNRyXy8yk8

9X ai`QM;Hv BMi2`�+iBM; ?B//2M b2+iQ` U#QbQMB+V
CE �M/ JX u�K�/�- C*�S- ǵRe

 ̄i(1� �5) j = � 1

4G

8X

a=0

�a
ji
(�a + i⇡a)

h ̄i ji = � 1

4G
�ijh�0i

2p2M 7Q` ⇤H � ⇤ = 0.93 :2o
LCG4L�K#m@CQM�@G�bBMBQ KQ/2H- TC = 72 J2o, �/H ' 1.8⇥ 104

GaJ4GBM2�` bB;K� KQ/2H- TC = 102 J2o, �/H ' 4.4⇥ 104

SLCG4SQHv�FQp@HQQT 2M?�M+2/ L�K#m@CQM�@G�bBMBQ KQ/2H
TC = 122 J2o, �/H ' 9.4⇥ 104

aL_threshold = 5(2)

h ̄ i 6= 0

hS†Si 6= 0

1.5 · 108 FK iQ i?2 amM

vw = vs

y = 0.004, �S = 0.23, �H = 0.13, �HS = 0.03, ⇤H = 9.02 h2o

R

To apply the m=0 QCD for a hidden sector,

we scale-up and assume:

Effective theory

4-fermi 6-fermi

U(1) A

DM

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L
√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for

{

R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.

(1)

Leff = Tr ψ̄(i/∂ − yS)ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

Φij = ψ̄i(1− γ5)ψj

Veff(f)/〈f〉2

〈ψ̄i(1− γ5)ψj〉BSC = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑

a=1

φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ

2G

8
∑

a=1

(φa)
2

)

(2)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16

1

Models Mechanism α β/H Tn [TeV] f [Hz] GW source mDM [TeV]

1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
4 〈S†S〉 &= 0 0.013 2.6× 104 0.36(∼ TC) 2.7 Sound waves 1.0

χ

MPl

Φij = ψ̄i(1− γ5)ψj = −
1

4G
λaji (σa + iπa )

L√
−g

= −
M2

Pl

2
R +

{

γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for
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R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.

(1)
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8G2
σ2 + yS
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ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)
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Veff(f)/〈f〉2

〈ψ̄i(1− γ5)ψj〉BCS = −
1

4G
[ δij σ̂ + λa(σ′a + iπa) ]

〈σ′a〉 = 0 , 〈πa〉 = 0

Veff(σ) [ GeV4 ]

σδij = −4G〈ψ̄iψj〉BCS , φa = −2iG〈ψ̄γ5λaψ〉BCS

L0 = Tr ψ̄(i/∂ −M)ψ − iTr ψ̄γ5φψ −
1

8G

(

3σ2 + 2
8
∑

a=1

φaφa

)

+
GD

8G2

(

−Tr ψ̄φ2ψ +
8
∑
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φaφaTr ψ̄ψ + iσTr ψ̄γ5φψ +
σ3

2G
+

σ
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8
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(φa)
2

)

(2)

with φ =
∑8

a=1 φaλa and σ = σ1 = σ2 = σ3.

10−3 10−4 10−5
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H = 0 MPl mH ∼ 10 GeV mtop

1
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Figure 10. Left: The GW spectrum for the benchmark points BP1 (purple), BP2 (green) and the
power-law-integrated sensitivity of BBO (red dashed curve) as well as DECIGO (blue dashed curve),
where we assume that the threshold SNR is 5 (⇢thr = 5) with five years observation for both detectors.
The GW spectrum is computed including the turbulence contribution, which is about one order of
magnitude smaller than that of the sound-wave contribution. The dotted purple and green lines
present, respectively, the GW spectrum of BP1 and BP2, for which the reduction factor ⌧swH due to
the short sound-wave period is ignored. Right: The ⇠w dependence of SNRBBO (5 yrs). The Jouguet
speed ⇠J is the minimum speed of ⇠w for detonations. At this speed the SNR becomes maximal.

lines), which we obtain without the reduction factor ⌧swH. We see a di↵erence of 2 orders of
magnitude, whose origin is nothing but ⌧swH ⇠ 10�2.

As the last task we consider the dependence of the wall speed ⇠w, because we have
assumed so far that it is equal to the Jouguet speed ⇠J . In the right panel of figure 10 we
show the ⇠w dependence of SNRBBO (5 yrs). In fact, SNRBBO (5 yrs) assumes the maximal
value at ⇠w = ⇠J , which follows from the fact that the reduction factor ⌧swH decreases as ⇠w
increases (see figure 8). But there is still a su�cient range in the parameter space, in which
the detectability threshold is exceeded.

5 Summary and conclusion

In this paper we have studied the stochastic GW background produced at the cosmological
chiral PT in a conformal extension of the SM [21, 22] and extended the analysis of ref. [31]. In
particular, we have re-calculated �/H, because �/H in ref. [31] does not approach the pure
NJL value, ⇠ 104, as the Yukawa coupling y decreases and for this reason we have suspected
that the modified path deformation method of ref. [31] to obtain the bounce solution of a
coupled system fails to yield trustful results.

Therefore, we have adopted an iterative method (with a reasonable convergence prop-
erty) and found that S3/T can be fitted with a simple function (3.17). Using this fitting
function for the determination of �/H we have obtained �/H ' (4 � 9) ⇥ 103 in the op-
timistic parameter space. We also have found that the benchmark point values of �/H
presented in ref. [31] are about one order of magnitude smaller than those calculated by
using the new method.

There are, in the SU(3)V flavor symmetry limit, five independent parameters, �H , �S ,
�HS , y and gH (or the hidden sector scale ⇤H), where e↵ectively two of them are used to
obtain mh = 125GeV and hhi = 246GeV. We have systematically narrowed the parameter
space, giving smaller values of �/H than that of the pure NJL model and hence larger (di-
mensionless) spectral GW energy density ⌦GW. Obviously, ⌦GW will be smaller in other

– 22 –

 (Aoki, Goto+Kubo, ’17; Aoki+Kubo, ’20)

✔  Dark Matter

✔  Gravitational Waves
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Application to the neutrino option


（開き直り） Brivo+Trott ‚ ‚17

φ φ

φ φ

FIG. 1: fig0

H̃ H̃†

νL

NR

φ φ

FIG. 2: fig01

H̃

H̃†

ν

N

N

χ σ

FIG. 3: fig5

1

2

I. INTRODUCTION

Despite being a great success, the Standard Model (SM) has several shortcomings. It predicts all

three species of neutrinos to be massless, in contrast to the observation from neutrino oscillation

experiments. It also does not contain a particle that can be a viable dark matter (DM) candidate

as well as a successful mechanism for generation of baryon asymmetry of the Universe. Many of

the proposed theories Beyond the Standard Model (BSM) predict degrees of freedom at very high

scales which could for instance address aforementioned issues. However, such an approach has its

own di�culties: increment of the mass scale at which heavy particles reside leads to the larger

Higgs mass correction through processes at loop level, and this leads to a feature dubbed hierarchy

problem. In this paper we will try to address most of the aforementioned issues simultaneously,

within a framework that is a well-motivated SM extension. The core is connection between genera-

tion of light neutrino masses and electroweak scale via processes involving right handed neutrinos.

The light neutrino masses induced via type-I seesaw [1–4] are

m⌫ '
y2⌫v

2

h

mN

, (1)

where y⌫ represents lepton portal Yukawa coupling, vh = 246 GeV and mN stands for right-handed

neutrino mass. If the right-handed neutrinos are heavy, they can significantly contribute to the

correction to the Higgs mass term, LSM ✓ �µ2

H
H†H, in higher orders in perturbation theory,

where H is the SM Higgs doublet. At one-loop the correction (finite term) is given by [5–8]

|�µ2

H | ⇠
y2⌫m

2

N

4⇡2
, (2)

where ⇠ stands to indicate that the correction depends on the renormalization scale at which it is

evaluated. The idea of the “neutrino option” [9] is based on the assumption that (2) is the main

source for the Higgs mass term, i.e. µ2

H
' �µ2

H
. Simultaneous solution of (1) and µ2

H
' �µ2

H

reveals mN between 10 and 100 PeV, with y⌫ . 10�4 [9] (see also Refs. [10, 11]). The neutrino

option thus establishes a link between the heavy right-handed neutrinos and the electroweak scale.

We are naturally led to the desire to embed the neutrino option into a classically scale invariant

theory [12], because the Higgs mass term, which is the only scale symmetry violating term in

the SM Lagrangian, is assumed to be absent or extremely suppressed for the neutrino option to

be sensible: We would like to understand the origin of the electroweak scale as a consequence

of spontaneous (dynamical) scale symmetry breaking [13–15]. To be complete, we also have to

understand the origin of the right-handed neutrino mass mN in this manner. A simplest way is to

realize mN ⇠ hSi [15], where S stands for a SM singlet real scalar field. That is, the Majorana

mass term for the right-handed neutrino NR is replaced by the Yukawa interaction between S and

NR [15]. Along this line, a conformal UV completion of the neutrino option has been performed

in Ref. [16]: The mass squared correction �µ2

H
transmutes indeed into radiative correction to the

dimensionless coupling �HS before the spontaneous scale symmetry breaking [16], where �HS is

~(100 GeV)

if mN ~10  GeV and seesaw is 
used.

2
7

Brdar, Emonds, Helmboldt+Lindner,’19;

Brdar, Helmboldt+JK,’19;

Brivo+Trott,’19, ’20;

Brdar, Helmboldt, Iwamoto+Schmitz ,’19;

Brivo, Moflat, Pascoli+Turner,’20
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mN = yN〈S〉 ∼ 107 GeV λHS ∼ 0

λHS $ 0.07 ⇒ 〈S〉 $ 500 GeV
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R +
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γR2 (γ ∼ 109)
β|H|2R− λH |H|4 (β ∼ 104)

for
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R2 inflation, Starobinsky, ‘80
Higgs inflation, Bezrukov and Shaposhnikov, ‘08.
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σ2 + yS

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)

M = σ − (GD/8G
2)σ2
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Veff(f)/〈f〉2

Leff = Tr ψ̄
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i/∂ −
[
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GD

8G2
σ2

])

ψ + 2GTrΦ†Φ+GD (detΦ+ h.c.)
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I. INTRODUCTION

Despite being a great success, the Standard Model (SM) has several shortcomings. It predicts all

three species of neutrinos to be massless, in contrast to the observation from neutrino oscillation

experiments. It also does not contain a particle that can be a viable dark matter (DM) candidate

as well as a successful mechanism for generation of baryon asymmetry of the Universe. Many of

the proposed theories Beyond the Standard Model (BSM) predict degrees of freedom at very high

scales which could for instance address aforementioned issues. However, such an approach has its

own di�culties: increment of the mass scale at which heavy particles reside leads to the larger

Higgs mass correction through processes at loop level, and this leads to a feature dubbed hierarchy

problem. In this paper we will try to address most of the aforementioned issues simultaneously,

within a framework that is a well-motivated SM extension. The core is connection between genera-

tion of light neutrino masses and electroweak scale via processes involving right handed neutrinos.

The light neutrino masses induced via type-I seesaw [1–4] are

m⌫ '
y2⌫v

2

h

mN

, (1)

where y⌫ represents lepton portal Yukawa coupling, vh = 246 GeV and mN stands for right-handed

neutrino mass. If the right-handed neutrinos are heavy, they can significantly contribute to the

correction to the Higgs mass term, LSM ✓ �µ2

H
H†H, in higher orders in perturbation theory,

where H is the SM Higgs doublet. At one-loop the correction (finite term) is given by [5–8]

|�µ2

H | ⇠
y2⌫m

2

N

4⇡2
, (2)

where ⇠ stands to indicate that the correction depends on the renormalization scale at which it is

evaluated. The idea of the “neutrino option” [9] is based on the assumption that (2) is the main

source for the Higgs mass term, i.e. µ2

H
' �µ2

H
. Simultaneous solution of (1) and µ2

H
' �µ2

H

reveals mN between 10 and 100 PeV, with y⌫ . 10�4 [9] (see also Refs. [10, 11]). The neutrino

option thus establishes a link between the heavy right-handed neutrinos and the electroweak scale.

We are naturally led to the desire to embed the neutrino option into a classically scale invariant

theory [12], because the Higgs mass term, which is the only scale symmetry violating term in

the SM Lagrangian, is assumed to be absent or extremely suppressed for the neutrino option to

be sensible: We would like to understand the origin of the electroweak scale as a consequence

of spontaneous (dynamical) scale symmetry breaking [13–15]. To be complete, we also have to

understand the origin of the right-handed neutrino mass mN in this manner. A simplest way is to

realize mN ⇠ hSi [15], where S stands for a SM singlet real scalar field. That is, the Majorana

mass term for the right-handed neutrino NR is replaced by the Yukawa interaction between S and

NR [15]. Along this line, a conformal UV completion of the neutrino option has been performed

in Ref. [16]: The mass squared correction �µ2

H
transmutes indeed into radiative correction to the

dimensionless coupling �HS before the spontaneous scale symmetry breaking [16], where �HS is

Scale invariant extension by

Brdar, Emonds, Helmboldt+Lindner,`19,

using Gildener-Weinberg.
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Freeze-in mechanism 

Aoki, Brdar+JK,`20.

Use the QCD like hidden sector, instead 
of the CW.


Heavy dark matter ( 10   GeV)9

Hall, Jedamzik+M-Russell‚ ‚10
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mDM = 3.44 ⇥ 109 GeV , mS = 2.07 ⇥ 109 GeV , v� = 4.17 ⇥ 1010 GeV . (50)
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FIG. 10. Temperature dependence of �, NR and S yields for the benchmark point given in Eq. (49).

Corresponding equilibrium values are shown in dashed.

FIG. 11. Results of our numerical scans; in each of the panels we fix yM . It reads 7 ⇥ 10�4 (left panel),

2 ⇥ 10�4 (middle) and 1.38 ⇥ 10�3 (right). The colors indicate the change of the relic density as a function

of y and �S while the black lines indicate several specific values of ⌦h2. In particular, each panel features

0.12 line that matches observation. Red star in the left panel indicates our benchmark point (see Fig. 10).

The VEVs, vS and v�, are obtained from the potential VS+NJL (17), where VNJL is given in (14).

Since their scale is fixed by ⇤H (see also (16)), we vary ⇤H to obtain vS = (5/7)⇥1011 GeV. Using

Aoki, Brdar+JK,’20.



Model B

uses 


the condensation of scalar bi-linear
> 0

〈S†S〉 #= 0

ν ∝ T

λS = 0.145,λ′S = 2.045,λH = 0.15,λHS = 0.032,ΛH = 0.0621 TeV

Nf = 2, Nc = 6

mh = 0.126 TeV, vh = 0.246 TeV,mDM = 0.856 TeV,

ΩDMĥ
2 = 0.122, σSI = 5.12× 10−46 cm2

(

m2
h0 = |〈H〉|2



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





= 〈f〉NfλHS

2λH



16λ
2
H(NfλS + λ′S)

G
+

NcNfλ2HS

8π2





vb = 0.577

1 <∼ Γ/H4 <∼ eβ∆t with ∆t = β−1

β̃−1 = (β/H)−1 = T
d(S3/T )

dT

1

Couple to the SM
JK+Lim+Lindner, ’14 

JK+Yamada ‚‘15



Dynamical generation of      and inflation

Curvature 
portal

JK,Lindner+Schmitz+Yamada‚ ‘19

Most general form under:


1 General invariance

2 SU(N) local gauge  invariance

3 Classical scale invariance
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1 Coleman-Weinberg 0.11 0.67× 103 0.052(∼ TC) 0.0084 sound waves – –
2 Gildner-Weinberg 1.6× 1013 8.0 2.4(# TC) 1.5 Collisions – –
3 〈ψ̄ψ〉 &= 0 0.024 3.7× 103 0.35(∼ TC) 0.36 Sound waves 0.23
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Higgs inflation, Bezrukov and Shaposhnikov, ‘08.
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10−3 10−4 10−5

µ2
H = 0 MPl mH ∼ 10 GeV mtop

1. 2HD (not scale invariant)
M. Kakizaki, S. Kanemura and T. Matsui, PRD,‘15;
C. Caprini et al, JCAP, ‘16
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The Planck mass  can be  generated:


In addition there is a byproduct:

The dilaton      may play the role 

of inflaton.
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Planck Collaboration: Constraints on Inflation

Fig. 7. Marginalized joint two-dimensional 68 % and 95 % CL regions for combinations of (✏1 , ✏2 , ✏3) (upper panels) and (✏V , ⌘V , ⇠2V )
(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK14 (blue
contours).

Inflationary model Potential V(�) Parameter range ��2 ln B

R + R2/(6M2) ⇤4
⇣
1 � e�

p
2/3�/MPl

⌘2
. . . . . . . . .

Power-law potential �M10/3
Pl �

2/3 . . . 2.8 �2.6
Power-law potential �M3

Pl� . . . 2.5 �1.9
Power-law potential �M8/3

Pl �
4/3 . . . 10.4 �4.5

Power-law potential �M2
Pl�

2 . . . 22.3 �7.1
Power-law potential �MPl�3 . . . 40.9 �19.2
Power-law potential ��4 . . . 89.1 �33.3
Non-minimal coupling �4�4 + ⇠�2R/2 �4 < log10 ⇠ < 4 3.1 �1.6
Natural inflation ⇤4 ⇥1 + cos (�/ f )

⇤
0.3 < log10( f /MPl) < 2.5 9.4 �4.2

Hilltop quadratic model ⇤4
⇣
1 � �2/µ2

2 + . . .
⌘

0.3 < log10(µ2/MPl) < 4.85 1.7 �2.0

Hilltop quartic model ⇤4
⇣
1 � �4/µ4

4 + . . .
⌘

�2 < log10(µ4/MPl) < 2 �0.3 �1.4

D-brane inflation (p = 2) ⇤4
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1 � µ2

D 2/�
p + . . .

⌘
�6 < log10(µD 2/MPl) < 0.3 �2.3 1.6

D-brane inflation (p = 4) ⇤4
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1 � µ4

D 4/�
p + . . .

⌘
�6 < log10(µD 4/MPl) < 0.3 �2.2 0.8

Potential with exponential tails ⇤4 ⇥1 � exp (�q�/MPl) + . . .
⇤

�3 < log10 q < 3 �0.5 �1.0
Spontaneously broken SUSY ⇤4 ⇥1 + ↵h log (�/MPl) + . . .

⇤
�2.5 < log10 ↵h < 1 9.0 �5.0

E-model (n = 1) ⇤4
(

1 � exp
"
�
p

2�
✓q

3↵E
1 MPl

◆�1#)2n

�2 < log10 ↵
E
1 < 4 0.2 �1.0
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"
�
p

2�
✓q

3↵E
2 MPl

◆�1#)2n

�2 < log10 ↵
E
2 < 4 �0.1 0.7

T-model (m = 1) ⇤4 tanh2m
"
�
✓q

6↵T
1 MPl

◆�1#
�2 < log10 ↵

T
1 < 4 �0.1 0.1

T-model (m = 2) ⇤4 tanh2m
"
�
✓q

6↵T
2 MPl

◆�1#
�2 < log10 ↵

T
2 < 4 �0.4 0.1

Table 5. Bayesian comparison for a selection of slow-roll inflationary models with wint fixed (see text for more details). We quote
0.3 as the error on the Bayes factor. Models are strongly disfavoured when ln B < �5.
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Inflation

Integrate out S around the background 

S to obtain the effective potential of f. 
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LiteBIRD (JAXA, KEK,… project)

can confirm our prediction!
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Conclusion

Scale invariant extension of the SM may

provide a solution to the fine-tuning problem:

Quantum corrections are at most logarithmic.


Good reasons for SI extension of the SM


But:

Hierarchy of dimensionless parameters 

is sometimes needed to explain mass hierarchy.
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ありがとうございました。


