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Introduction

» Entanglement entropy in QFT: e 4
® can be an order parameter in various B
phase transitions time slice
® satisfies inequalities that constrain the
dynamics of QFT (C-theorems RG flow

, ANEC

etc)
® probes non-local observables
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Goal of this talk

> We will examine pseudo entropy
which measures quantum entanglement in a time- dependent
system: [¢h) ————— [i)

time evolution
® Entanglement entropy = von Neumann entropy of p4:
Tra [paOa] = @] Oa ) . pa=Trallv) (V]

® Pseudo entropy = von Neumann entropy of w'“".

e [ 0u] = T e = |

> We will address the following in simple setups:

® How different/similar is it to other measures?
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Entanglement entropy

Divide a system to A and B = A: Hioy = Ha @ Hp

Entanglement entropy

Sa=—Tra[palogpa] t
» The reduced density matrix: @
pa = Trp| prot | B

» For a pure ground state |¥):

Ptot = |‘II> (lIJ|
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Pseudo entropy

PseUdO Rény| entropy [Nakata-Takayanagi- Taki-Tamaoka-Wei 20]
1 n
S <TX|¢> =1 log Tr [(Tzw) ]

> T}XW: the reduced transition matrix for two states |1} , |¢):

Tj“p =Trp [TWP] , Tl = |zpcp>|§/)@>|

> TXW is not hermitian in general, so pseudo entropy can be

complex:
5 (37) = 5 (3]

» Reduces to Rényi entropy when ¢ = ¢
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Inner product (p|v)

> Let Oy be an operator corresponding to |¢), then

@ity = [ Do Oy =
Q2=

» The inner product can be seen as a partition function with
operator insertions:

2[M1:0,,0L] = (lv) = [ DB el80) (@0l0)
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Transition matrix

» The unnormalized transition matrix:

#61° = Trp (1) (o] = / Dlol 5] (o|0) (Bolt)) =




Path integral representation of pseudo Rényi entropy

Pseudo Rényi entropy

S (T;W) 1 i —log z [Mn; Ozp,OH

Z [Ml; Oy, 0;]”

> Z [./\/ln; Oy, (’)J;]: the partition function on M,
with operators Oy, O,, inserted

» This representation makes manifest the property:

() (leso) — g (%Iw)
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Chern-Simons theory and modular S-matrix

» Chern-Simons theory on a 3d manifold M with gauge group
SU(N) and level k:

k 2
Ics[A]——i/ tr[A/\dA—i—A/\A/\A}
4 M 3

» Wilson loops as a topological invariant observable:
Wg[A] = trg P exp </ A)
c

» Partition functions are given by the modular S-matrix
Z[S*] = 8°
Z[S%Ri] =S

10/21



Pseudo entropy in Chern-Simons theory

» In 3d SU(NV) Chern-Simons theory with level k, consider a
state with four quasi-particle excitations:

L] A L] B
.o ‘7 J .
j j

» A pair of excitations in conjugate representations are
connected by a Wilson line in R; representation
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Example: two j's in A

» The resulting transfer matrix:

A A

~Plo
TA -_

B3

3

12/21



Example: two j's in A

» Gluing n copies of 7:;‘/4@ gives n Wilson loops:

7. Crossings
A A A A
Try a =
B3 B3
L _ -
» Pseudo entropy calculated by analytically continuing odd n:
N 1 1

S (TXW) =1log Sy + log {[[2]}] + log [(ﬁ [N+1]—-¢g 2 [N —1]
ot AN+l N
N+kg[N+1—q2[N—1]

(q:€27ri/(N+k)) 13/21



Pseudo entropy in CFT,

For A a single interval in CFT5, Fconformal map to a cylinder

CJ, CR
——OnO >

2T

—_—>

conformal map

» 7 ~ 7+ 27, no translation invariance along 7

» cr r: UV cutoffs around the entangling surface 0A

Cy,

CR
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Interface entropy

P> A closely related measure is the entanglement entropy across
a conformal interface T (interface entropy S%)

-
27TT

¥
2 Y £l z
¥
conformal map
3 T
¥
0
T

» For states |¢), |p) glued along Z, the reduced density matrix
p} for S% can be obtained by
™ ——— b
T—T+7/2
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Relation between pseudo entropy and interface entropy

T
T A0

2mn
277”T | (4n—1)7
1/) 2
(4n—=3)7
2 (1 2
14 27(n—1)
2m(n — 1) (4n—5)7
A 2) 2
A 57
27 2
27
3
2
. 3
AY 0
Pseudo entropy Interface entropy

Relation between pseudo and interface entropy in CFT,

S (TZJﬁ\tervaI) = Sﬁ half-line in CFT2
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Similar relation in QFT 4>9

Taking the entangling surface to be a hyperplane in flat space:

Pseudo entropy Interface entropy

Relation between pseudo and interface entropy in QFT j>2

5 (Tjﬁ'*") = ST for 9A:{z* =2 =0}
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Left-right entanglement entropy (LREE)

» In boundary CFT5, LREE can be defined as the von Neumann
entropy of the reduced density matrix for the left sector

= I Tep ) ]

» Any boundary state |1¢)) satisfying the gluing condition
(Ln - Efn) W> =0

can be expanded by the Ishibashi states
W) =D wild) . (ili) =0y So’

N.B. Boundary states are non-normalizable
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Left-right pseudo entropy (LRPE)

» Pseudo entropy analogue of LREE can be defined with the
transition matrix for two boundary states [¢) , |¢):

e = <<p\1w> Trg (1) (9]

» Put a theory on a semi-infinite cylinder of circumference ¢ and
regularize states by evolving along the imaginary time:

e 2m = c
W) > ey,  H==(Lo+Lo-35)
> LRPE takes a complex value in general:

)
- ]
2 ¢ S S of e

wcl Y, S 1P i log(i ¢}
S (T},MSD) _

Z S0 @f]

19/21



Example

» Consider LRPE for the states:

» LRPE becomes

ol
S <Tg‘¢> = % +log S;°

which is independent of the choice of the Cardy state |a) as
long as it overlaps with the Ishibashi state |i))
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Summary and future directions

> A few analytic results for pseudo entropy obtained in
topological and conformal field theories

» Non-trivial relation between pseudo and interface entropy
derived

» Left-right pseudo entropy in BCFT introduced

» Supersymmetric generalization like supersymmetric Rényi
entropy ?

» Any application to constrain QFT dynamics?
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