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Motivation

to understand AdS/CFT form field theories without using string theory

free scalar field operator on AdS  Φ̂(X)

express  in terms of Φ(x) O(x)

HKLL bulk reconstruction Hamilton, Kabat, Lifschytz, Lowe 2006

CFT field operator at the boundary Ô(x)

BDHM relation
lim
z→0

Φ̂(z, x) = Ô(x)

Banks, Douglas, Horowitz, Martinec, 1998

�̂(X) =

Z

⌃X

d
d
y K(X, y)Ô(y)

<latexit sha1_base64="FXRJ42O3HvigdVxi8gAy8gM7HaI="></latexit>

X

<latexit sha1_base64="gc/U78icaAS0wVjgv96BBVQ5Lc4="></latexit>

⌃X

boundary

bulk

Ô(x)

�̂(X)

c.f. S. Terashima, 2021: CFT<->AdS without BDHM relation in the large N.



Starting point CFT in d-dimensions
<latexit sha1_base64="cJCJ+48EZuOvUsjFP3Rqv0bh3H4="></latexit>

h'a(x)'b(y)i = �ab
1

|x� y|2� non-singlet primary field  

Smeared field 
<latexit sha1_base64="2cjnolmIqzZPdIX2sJ9lOGASYUY="></latexit>

�a(X) =

Z
ddy h(z, x� y)'a(y)

Our proposal: bulk construction 

field in d+1 dimensions  <latexit sha1_base64="DbfpDoyaxPZJclKQWiMSBuhMHm0="></latexit>

X := (x, z)

(gauge) singlet composite field  

Correlation functions

Ex. metric ⟨gAB(X)⟩

Aoki, Balog, Onogi, Yokoyama (in preparation)

Euclidean path integral

structure of bulk

AdS ?

<latexit sha1_base64="wGBOFj9ZtxfOkMKQ/7Xlwi8NiNk="></latexit>

S(X) := �a(X)�a(X)

<latexit sha1_base64="O5rrp6xwhbCBQG1Y4I/cojfVvPQ="></latexit>

hS(X1)S(X2) · · ·S(Xn)i

HKLL: Lorentzian, canonical operator



Determination of smearing kernel h(z, x)
<latexit sha1_base64="2cjnolmIqzZPdIX2sJ9lOGASYUY="></latexit>

�a(X) =

Z
ddy h(z, x� y)'a(y)

conditions
<latexit sha1_base64="X97KS4RUanvLJqgkyY+ZBuLTgPI="></latexit>

h�a(X)�a(X)i = 11. normalization

2. symmetry conformal
<latexit sha1_base64="YPxxRK4U3fChDQVxnWA2rM8c98A="></latexit>

SO(d+ 1, 1) bulk symmetry
<latexit sha1_base64="YPxxRK4U3fChDQVxnWA2rM8c98A="></latexit>

SO(d+ 1, 1)

<latexit sha1_base64="4A7TxdjnwMGKRIUZ5iZriJPa3FY="></latexit>

U'a(y)U † := '̃a(y) = J(y)�'a(ỹ) <latexit sha1_base64="rm92Jg80eyKtKwYErhJSYEvAKn4="></latexit>

U�a(X)U † := �̃a(X) = �a(X̃)

translation/rotation/dilatation/inversion

<latexit sha1_base64="TSHVmm3KocUKJbZX4wBARXDgvjw="></latexit>

h(z, x) = ⌃0

✓
z

x2 + z2

◆d��

, � <
d

2

<latexit sha1_base64="1eX0wR66+Rb/J4rrWMWf0v95L6c="></latexit>

h(z, x� y) agree with K(X, y) of HKLL but with � > d� 1. HKLL, PRD74(2006)066009.



1. translation

conformal

2. rotation

<latexit sha1_base64="hXGDSvdUcWeU54BmXTVKc+3yiIo="></latexit>

ỹµ = yµ + aµ, J(y) = 1

<latexit sha1_base64="v8HJWSbEUb+oaqnBlTErmyH73ZU="></latexit>

ỹ = ⌦µ
⌫y

⌫ , J(y) = 1

bulk

3. dilatation

4. inversion
<latexit sha1_base64="qppevhFMTnOTNoICResDagOuVro="></latexit>

ỹµ =
yµ

y2
, J(y) =

1

y2

<latexit sha1_base64="cu6XbaNGij8hRDWxiKLlQh96C0Y="></latexit>

x̃µ = xµ + aµ, z̃ = z

<latexit sha1_base64="ltFA+TdId9yue8wL6n3hUmCSXHA="></latexit>

x̃µ = ⌦µ
⌫x

µ, z̃ = z

<latexit sha1_base64="SNsP52EpIN/BiB8P79al7SQsxIU="></latexit>

X̃A = �XA

<latexit sha1_base64="GGH+ta5ymFPQs6RalA9PxaVQQ7c="></latexit>

X̃A =
XA

X2

<latexit sha1_base64="rm92Jg80eyKtKwYErhJSYEvAKn4="></latexit>

U�a(X)U † := �̃a(X) = �a(X̃)
<latexit sha1_base64="4A7TxdjnwMGKRIUZ5iZriJPa3FY="></latexit>

U'a(y)U † := '̃a(y) = J(y)�'a(ỹ)

<latexit sha1_base64="KzCn/HZtZkp8Z6qUrWtuH4YBEdg="></latexit>

ỹµ = �yµ, J(y) = �

Symmetry

<latexit sha1_base64="YPxxRK4U3fChDQVxnWA2rM8c98A="></latexit>

SO(d+ 1, 1)
<latexit sha1_base64="YPxxRK4U3fChDQVxnWA2rM8c98A="></latexit>

SO(d+ 1, 1)



Some properties
<latexit sha1_base64="ZhPr30kW4lbfOXs68tiwXOF0awE="></latexit>

�a(X) =

Z
ddy h(z, x� y)'a(y),

<latexit sha1_base64="b6ENq7CSbR998nbJb0NEoPdUDJQ="></latexit>

h(X) = ⌃0

✓
z

x2 + z2

◆d��

Differential equation
<latexit sha1_base64="TImCwYflQHXKaYi+B+rOet7NFK8="></latexit>

(⇤AdS �m2)�a(X) = 0.

 satisfies EOM of a free scalar field on AdS with  .σa(X ) m2 = (Δ − d)Δ

 flow equation = equation for z−Δσa(X)

BDHM relation
<latexit sha1_base64="8s+laKxTqeEaamxQ504tuFWPVA4="></latexit>

lim
z!0

z���(X) ' 'a(x)

<latexit sha1_base64="EgHhQSsQrf2YQM1p+iGeQgT92rk="></latexit>

lim
z!0

h(z, x) =
⌃0

⇤
z��(d)(x).

<latexit sha1_base64="kG5aPmer0ELtAXUyLuAW4MFQXeE="></latexit>*

<latexit sha1_base64="6fYr3CAC5fzN5o8ZwsjY4wXxbqs="></latexit>

⇤AdS := z2(@2
z +⇤)� (d� 1)z@z



Boundary to bulk correlation function
<latexit sha1_base64="THhn0vN2txze+5oav47JJoOLmgc="></latexit>

F(X, y) := hS(X)O(y)i
<latexit sha1_base64="I334PoqOMFd8L02i4X0dMu31ghw="></latexit>

a singlet scalar primary field of weight �O: O(y)

<latexit sha1_base64="Fwjf2NxE3sjJ5CsJRsVABXMHi6M="></latexit>

a singlet bulk scalar field: composite

Symmetries(bulk & boundary)
<latexit sha1_base64="XgfsiQrn8O9E+Oof/ZZiVNYxH7Y="></latexit>

F (X, y) = CO

✓
z

(x� y)2 + z2

◆�O

exact result

<latexit sha1_base64="9HebWM9nwazGXA1awTzJibFbcKk="></latexit>

O(y)

<latexit sha1_base64="evKPGfwQ04Ry7idBlTXZHM3YxzM="></latexit>

S(X)

The bulk to boundary propagator in the AdS/CFT correspondence is reproduced.

<latexit sha1_base64="SQrj5WWHInQQ0B+q3Bd8A6lNjhs="></latexit>

(⇤X

AdS �m2
O
)F (X, y) = 0

<latexit sha1_base64="8IxYqL5/GcbY2uS4Yp8rTn6ULXY="></latexit>

m2
O
= �O(�O � d)

S(X) := �a(X)�a(X)



Metric field

1

2

metric becomes classical in the large N limit

large N factorization

classical geometry after quantum averages

4 VEV of metric operator = information metric

hgAB(X1)gCD(X2)i = hgAB(X1)ihgCD(X2)i+O(1/N)

hGAB(gCD)i = GAB(hgCDi) +O(1/N)

`: some length scale

simplest among singlet symmetric 2nd rank tensors 

finite without UV divergence

3

<latexit sha1_base64="fSeYz9r0A/p4RWztXfr206upDyo="></latexit>

gAB(X) := `2
NX

a=1

@A�
a(X)@B�

a(X)



Bures Information metric

define a “distance” between density matrices ⇢ and ⇢+ d⇢

d2(⇢, ⇢+ d⇢) :=
1

2
tr(d⇢G) ⇢G+G⇢ = d⇢

Our case mixed state (N entangled pairs)
<latexit sha1_base64="Atsl17eO642Z9gB2DZsFVvDWuD8="></latexit>

⇢(X) :=
NX

a=1

|�a(X)ih�a(X)|

<latexit sha1_base64="WKXlVMpfvJVsLaocFnCkN1OqyZE="></latexit>

`2d2(⇢(X), ⇢(X + dX)) = hgAB(X)idXAdXB

<latexit sha1_base64="JK9jFfuF8QuT13Ye9STiBlWm1ew="></latexit>

VEV of gAB(X) defines a distance in the bulk as d2(⇢(X), ⇢(X + dX)).

<latexit sha1_base64="ksz20bMkAUb7HS3E0abd6UWQDA0="></latexit>

⇢ can be a mixed state.



VEV of the metric field

Symmetry
<latexit sha1_base64="BO5zPzfhoFopu96ISwI19CVVXQ8="></latexit>

h0|gAB(X)|0i = a0
�AB

z2

explicit calculation 

AdS metric in the Poincare patch
<latexit sha1_base64="z2YUPdSvDiRbnufhe0IWIdcuEO0="></latexit>

a0 = `2
�(d��)

d+ 1
> 0

Conformal symmetry

AdS

Bulk symmetry AdS isometry on
<latexit sha1_base64="BCDL5zpStfhhJ/GDIi+A5gMMuTk="></latexit>

h0|gAB(X)|0i

AdS/CFT correspondence is realized.CFT



Excited state contribution

Mixed matrix element

ḡAB(X) := h0|gAB(X)|0i+ Jh0|gAB(X)|Si

<latexit sha1_base64="6dv+C/+O0j4lRylb5d8FULEtkZI="></latexit>

h0|gAB(X)|Si = lim
y2!0

GAB(X, y)
<latexit sha1_base64="2JBINjQf5yzZdu6tpdAkxOu9TWs="></latexit>

GAB(X, y) := h0|gAB(X)O(y)|0i scalar operator

<latexit sha1_base64="RLF5C2lCYy2E5xWn1kQ77sZzEtw="></latexit>

eJO(0)|0i ' |0i+ J |Si+

Symmetry
<latexit sha1_base64="HvQqabGnN8mGx9rIsQ0CRCHZPvs="></latexit>

GAB(X, y) = T�O (X, y)


a1

�AB

z2
+ a2

TA(X, y)TB(X, y)

T 2(X, y)

�

<latexit sha1_base64="fCUli6q6aYcChq8n/5GU0GtNOiU="></latexit>

T (X, y) :=
z

(x� y)2 + z2
<latexit sha1_base64="ynxRXPtDPDc1d4nt69Buk+8f6YE="></latexit>

TA(X, y) := @XAT (X, y)

<latexit sha1_base64="2ZJKFvFfHMxQl0PnJqf5onHHZH4="></latexit>

ḡAB(X) =
�AB

z2

"
a0 + a1J

✓
z

x2 + z2

◆�O

#
+ a2 J TATB

✓
z

x2 + z2

◆�O�2

asymptotically AdS<latexit sha1_base64="DKqVmtyyKZZCxL+WSqbHv0eTkJY="></latexit>

z ! 0

|Si : primary scalar state

3 known parameters, a0, a1, a2



Summary

CFT
<latexit sha1_base64="rchi/ThIu6uIZsSA5obQL0hhbG4="></latexit>

'a(y)
<latexit sha1_base64="Ml0A/IN05qLeTQALf6OahPpys/4="></latexit>

� <
d

2
non-singlet, elementary field conformal symmetry

<latexit sha1_base64="2cjnolmIqzZPdIX2sJ9lOGASYUY="></latexit>

�a(X) =

Z
ddy h(z, x� y)'a(y)

bulk non-singlet, elementary (“quarks”) bulk “quantum” symmetry

bulk to boundary <latexit sha1_base64="4xaQBxOk7sGENM07heMk1j0hVNM="></latexit>

h�a(X)�a(X)O(y)i singlet, composite (“hadrons”)

 geometrical interpretation 

Metric field
<latexit sha1_base64="MXhX9NfYRk6c355XR6xXHCYDFzQ="></latexit>

gAB(X) := `2
NX

a=1

@A�
a(X)@A�

a(X)

classical in the large N limit “geometry”

vacuum AdS bulk symmetry = isometry

excited state asymptotically AdS

bulk “quantum” symmetry controls all properties in the bulk.



Discussions

Bulk to bulk correlation function for scalars
<latexit sha1_base64="hcOgHaBpGd4Yo8Vc1jwCH4Xvbps="></latexit>

hS(X1)S(X2)i = 1 +
2

N
G2(X1, X2) + hS(X1)S(X2)ic

<latexit sha1_base64="w7p+jI7HTyfUdp1/MYoxbS5NiRE="></latexit>

non-singular at X1 = X2

free CFT bulk theory is non-local (stringy)

<latexit sha1_base64="I5K/H8GqT94SdnHQcB03+sCC2FU="></latexit>

hS(X1)S(X2)ic =
4Y

i=1

Z
ddyi h(X1, y1)h(X1, y2)h(X2, y3)h(X2, y4)h'a(y1)'

a(y2)'
b(y3)'

b(y4)ic

CFT interaction is required to recover bulk locality.

strong coupling CFT bulk theory becomes local ?

S(X) = �a(X)�a(X)

X1 X2
X1X2X1 X2

G(X1, X2)

connected contribution



Bulk matter content for asymptotically AdS

What is a matter action, which gives  asymptotically AdS metric as a solution 
to the Einstein equation ?

<latexit sha1_base64="dqZ2ouxtviw9BU6XpwMLlk7Zq90="></latexit>

RAB � 1

2
gABR+ ⇤gAB = 2TAB

bulk scalar ?

S� = �1

2

Z
dd+1X

p
g
⇥
gAB@A�(X)@B�(X) +m2�2(X)

⇤

gAB : Euclidean AdS metric
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